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ABSTRACT 
 
The main aims of physical geodesy are to study the shape of the Earth, its gravity field and the geoid 
which is an equipotential surface closest to the mean sea level. Precise geoid determination has 
been an important research topic in geodesy and geophysics in the past two decades. Scientists and 
government agencies all around the world have made great efforts on the development of high-
accuracy geoid models. These geoid models are developed not only for scientific applications, but 
also for other purposes such as serving for a reference surface for mapping, sea level monitoring and 
natural resources exploitation and management. 
A geoid model is required to define a national height or vertical datum. Precise geoid models have 
experienced an unprecedented demand due to the rapid development of GPS/GNSS technologies. 
Geoid models allow transforming ellipsoidal heights, which are relatively easily determined from 
GPS/GNSS observations, into physical heights, which are associated to the Earth’s gravity field, 
without the need for expensive and time-consuming spirit-levelling. Physical heights are used for 
mapping, engineering and civil engineering infrastructure since they indicate the flow direction of 
fluids, due to the fact that fluids are attracted by the gravity of the Earth rather than geometric 
height differences.  
Moreover, vertical datums have been historically based on a local mean sea level surface 
determined by averaging tide gauge readings over a certain period of time. However, due to the sea 
surface topography effect, which is mainly caused by the sea dynamics and other meteorological 
processes, observations from different tide gauges do not commonly coincide. Therefore, when 
vertical datums are separated by oceans or other bodies of water, direct methods such as spirit 
levelling and gravity measurements are not applicable. In this case, geoid models can be used for 
unifying two or more vertical datums together. 
This research aims to develop a new and optimal precise geoid for Argentina using all available 
measurements from the most state of the art technologies and the latest global geopotential models 
(GGMs), along with detailed digital terrain models (DTMs). The remove-compute-restore technique 
and the combination of an optimal GGM with 658,111 land and marine gravity observations were 
used for the new model determination. Several GGMs (e.g. EGM2008, GOCO05S and EIGEN-6C4) 
were evaluated to investigate the best GGM that fits Argentinian regional gravity field. Terrain 
corrections were calculated using a combination of the SRTM_v4.1 and SRTM30_Plus v10 DTMs for 
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all gravity observations. For the regions that lacked gravity observations, the DTU13 world gravity 
model was utilised for filling-in the gravity voids. The residual gravity anomalies were gridded by the 
Kriging method and the resultant grid was applied in the Stokes’ integral using the spherical multi-
band FFT approach and the deterministic kernel modification proposed by Wong and Gore in 1969. 
The accuracy of the new geoid was assessed by comparing its geoidal undulations over 1,904 
benchmarks, which have both orthometric and ellipsoidal heights. Results showed that an accuracy 
of better than 10 centimetres has been achieved. 
 
  
Page iii Acknowledgements 
 
ACKNOWLEDGEMENTS 
 
This acknowledgement list should be quite long. It is probably more convenient to divide it into 
three: those who are experts in Geodesy or Geophysics, those who learned something about my 
research throughout my Masters and those who do not have a clue about what I have accomplished 
during these last two and a half years. 
From the first group, I would like to thank my supervisors, Prof. Kefei Zhang and Dr Suqin Wu, for 
their continuous support, encouragement, motivation and direction. I would like to express my 
profound gratitude to Sergio Cimbaro, President of the Instituto Geográfico Nacional (IGN), who not 
only provided most of the datasets (or helped me to obtain them) and bent over backwards to assist 
me with all of my requests, but has been a constant source of support and motivation over many 
years. I seriously enjoyed sharing all my research questions, concerns and outcomes with the IGN 
staff (in particular with Demián, Ezequiel, Hernán, Gonzalo, Agustín, Tomás and Juan Carlos). I grew 
through my conversations with them all. Finally, I would like to acknowledge Prof. C.C. Tscherning 
(R.I.P. 1942 – 2014) for providing the GRAVSOFT software, his patience towards my silly questions 
and his selfless assistance.  
Regarding those who now understand the basics of the geoid model, I would like to thank my 
beloved Hayley for all her support during this quest. She probably learned about Geodesy as much 
as I did, or even more. 
From the last group of people who never understood what I was doing in my Masters, I want to 
acknowledge all my Argentinean friends, for helping me to remember that there is another life 
beyond Geodesy, and my new Aussie friends, for providing me a rest after a long research day. 
Finally, I would like to thank my Australian family, for encouraging me and being positive always, and 
my parents, Luis and Carolina, for being my raw model of effort, persistence and integrity.  
Table of Contents Page iv 
 
 
TABLE OF CONTENTS 
 
 
Abstract .................................................................................................................................................... i 
Acknowledgements ................................................................................................................................ iii 
Table of Contents ................................................................................................................................... iv 
List of Figures ....................................................................................................................................... viii 
List of Tables ........................................................................................................................................ xiii 
List of Abbreviations ............................................................................................................................. xv 
1. Introduction ............................................................................................................................... 1 
1.1. Background ................................................................................................................................ 1 
1.2. History of the Argentinean Geoid .............................................................................................. 3 
1.2.1. Argentinean Geoid 1998 ............................................................................................................ 3 
1.2.2. Argentinean Geoid 2005 (ARG05) .............................................................................................. 4 
1.2.3. Argentinean Geoid 2006 (GAR) .................................................................................................. 5 
1.3. Aim and Objectives .................................................................................................................... 8 
1.4. Significance ................................................................................................................................ 8 
1.5. Structure of the Thesis ............................................................................................................. 10 
2. Gravity Field, Vertical Datum and Height System .................................................................... 12 
2.1. Gravity Field of the Earth ......................................................................................................... 12 
2.1.1. Gravitational Potential ............................................................................................................. 12 
2.1.2. Centrifugal Potential ................................................................................................................ 15 
2.1.3. Gravity Potential ...................................................................................................................... 16 
2.1.4. Potential Expressed in Terms of Spherical Harmonics ............................................................. 16 
2.1.5. Normal Potential ...................................................................................................................... 17 
2.1.6. Gravity ...................................................................................................................................... 18 
2.1.7. Normal Gravity ......................................................................................................................... 19 
2.2. Height System .......................................................................................................................... 19 
2.2.1. Ellipsoidal Height ...................................................................................................................... 20 
2.2.2. Levelling Height ........................................................................................................................ 23 
2.2.3. Geopotential Number .............................................................................................................. 25 
2.2.4. Orthometric Height .................................................................................................................. 27 
2.2.5. Normal Height .......................................................................................................................... 30 
2.3. Vertical Datum ......................................................................................................................... 31 
Page v Table of Contents 
 
2.3.1. Local Vertical Datum (LVD) ...................................................................................................... 33 
2.3.2. Global Vertical Datum (GVD) ................................................................................................... 34 
2.3.3. Earth Tides................................................................................................................................ 36 
2.4. Argentinean Vertical Datum, Height System and Gravity System ........................................... 39 
2.4.1. History of the Argentinean Vertical Datum and Height System .............................................. 39 
2.4.2. History of the Argentinean Gravity System ............................................................................. 42 
2.5. Summary .................................................................................................................................. 48 
3. Geoid Determination ............................................................................................................... 49 
3.1. Theory of Geoid Determination ............................................................................................... 49 
3.1.1. Disturbing Potential ................................................................................................................. 49 
3.1.2. Geodetic Boundary Value Problem (GBVP) ............................................................................. 50 
3.1.3. Computation of Gravity Anomalies Outside the Earth ............................................................ 52 
3.1.4. Stokes’ Formula ........................................................................................................................ 53 
3.2. Global Geopotential Models (GGMs) ....................................................................................... 55 
3.2.1. Earth Gravitational Model 2008 (EGM2008) ........................................................................... 57 
3.2.2. European Improved Gravity Model of the Earth by New Techniques (EIGEN-6C4) ................ 58 
3.2.3. GO_CONS_GCF_2_DIR_R5 ....................................................................................................... 59 
3.2.4. Gravity Observation Combination (GOCO05S) ........................................................................ 59 
3.3. Terrain Reduction ..................................................................................................................... 60 
3.3.1. Terrain Correction .................................................................................................................... 61 
3.3.2. Isostatic Reduction ................................................................................................................... 62 
3.3.3. Helmert’s Second Condensation Method ................................................................................ 63 
3.3.4. Residual Terrain Model (RTM) ................................................................................................. 65 
3.3.5. Hammer Chart .......................................................................................................................... 66 
3.3.6. Rectangular Prism Integration ................................................................................................. 67 
3.3.7. Terrain Correction by Fast Fourier Transformation (FFT) ........................................................ 68 
3.4. Digital Terrain Models (DTMs) ................................................................................................. 69 
3.4.1. SRTM v4.1................................................................................................................................. 70 
3.4.2. SRTM30_Plus v10 ..................................................................................................................... 71 
3.5. Remove-Compute-Restore (RCR) Technique ........................................................................... 72 
3.5.1. Stokes’ Integral by FFT ............................................................................................................. 73 
3.5.2. Modification to Stokes’ Kernel ................................................................................................. 75 
3.6. Summary .................................................................................................................................. 76 
4. Data Preparation and Pre-processing ...................................................................................... 78 
Table of Contents Page vi 
 
 
4.1. Introduction ............................................................................................................................. 78 
4.2. Compilation of a DTM .............................................................................................................. 79 
4.3. Terrain Gravity Data and Gravity Reductions .......................................................................... 80 
4.3.1. Normal Gravity ......................................................................................................................... 83 
4.3.2. Atmospheric Correction ........................................................................................................... 84 
4.3.3. Free-Air Correction ................................................................................................................... 85 
4.3.4. Refined Bouguer Correction..................................................................................................... 85 
4.3.5. Free-Air Anomaly ..................................................................................................................... 86 
4.3.6. Refined Bouguer Anomaly ....................................................................................................... 87 
4.4. Marine Gravity Data and Gravity Reductions .......................................................................... 87 
4.4.1. Free-Air Anomaly ..................................................................................................................... 88 
4.4.2. Refined Bouguer Anomaly ....................................................................................................... 89 
4.4.3. Eötvös Correction ..................................................................................................................... 90 
4.5. Validation of Gravity Anomalies............................................................................................... 91 
4.5.1. GGM Method ........................................................................................................................... 91 
4.5.2. Satellite Altimetry Method....................................................................................................... 92 
4.5.3. Least Square Collocation (LSC) Method ................................................................................... 94 
4.6. GPS-levelling data .................................................................................................................... 96 
4.7. Selection of an Optimal GGM .................................................................................................. 99 
4.8. Gridding the Argentinean Gravity Field ................................................................................. 104 
4.8.1. Gridding Methods .................................................................................................................. 104 
4.8.2. World Gravimetric Grids ........................................................................................................ 112 
4.8.3. Residual Anomaly Grid ........................................................................................................... 116 
4.8.4. Computation Scheme for Residual Anomaly Grid.................................................................. 121 
4.9. Summary ................................................................................................................................ 122 
5. Numerical Results .................................................................................................................. 123 
5.1. Introduction ........................................................................................................................... 123 
5.2. Geoid Determination ............................................................................................................. 123 
5.2.1. Stokes’ Integral ....................................................................................................................... 123 
5.2.2. Contribution of the GGM ....................................................................................................... 125 
5.2.3. Indirect Topographic Effect .................................................................................................... 126 
5.2.4. Geoid Model Determination .................................................................................................. 127 
5.3. Geoid Fitting ........................................................................................................................... 129 
5.4. Modelling Procedure Scheme ................................................................................................ 135 
Page vii Table of Contents 
 
5.5. Validation of the New Geoid Model ...................................................................................... 135 
5.6. Improvement Made by the New Geoid Model ...................................................................... 137 
5.7. Summary ................................................................................................................................ 139 
6. Conclusions and Recommendations ...................................................................................... 141 
6.1. Summary ................................................................................................................................ 141 
6.2. Conclusions and Major Findings ............................................................................................ 141 
6.3. Recommendations ................................................................................................................. 144 
References .......................................................................................................................................... 146 
 
  
  
List of Figures Page viii 
 
 
LIST OF FIGURES 
 
Figure 1.1: Geographic distribution of gravity observations over the study area (Pacino & Font 1999)
 ................................................................................................................................................................ 4 
Figure 1.2: Geographic distribution of the 55 co-located GPS and levelling benchmarks (Font et al. 
1998) ....................................................................................................................................................... 4 
Figure 1.3: Geographic distribution of gravity observations over the study area (Tocho, Font & Sideris 
2007) ....................................................................................................................................................... 5 
Figure 1.4: Geographic distribution of the 539 co-located GPS and levelling benchmarks (Tocho, Font 
& Sideris 2007) ........................................................................................................................................ 5 
Figure 1.5: Geographic distribution of gravity observations over the study area (Corchete & Pacino 
2007) ....................................................................................................................................................... 6 
Figure 1.6: Geographic distribution of the 393 co-located GPS and levelling benchmarks (Corchete & 
Pacino 2007) ........................................................................................................................................... 6 
Figure 2.1: The components of the gravitational force (Hofmann-Wellenhof & Moritz 2006) ........... 13 
Figure 2.2: The centrifugal force (Hofmann-Wellenhof & Moritz 2006) .............................................. 15 
Figure 2.3: Relationship between the gravity and its potential (Vaníček, Kingdon & Santos 2012) .... 18 
Figure 2.4: Optical level (Source: http://www.speedyservices.com) ................................................... 23 
Figure 2.5: Levelling rods (Source: http://www.northerntool.com) .................................................... 23 
Figure 2.6: Spirit levelling (Hofmann-Wellenhof & Moritz 2006) ......................................................... 24 
Figure 2.7: Two different levelling routes connecting A and B may not have the same height 
difference (Hofmann-Wellenhof & Moritz 2006) ................................................................................. 25 
Figure 2.8: Level surfaces and plumb lines (Hofmann-Wellenhof & Moritz 2006) .............................. 25 
Figure 2.9: Two different levelling lines connecting A and B may not have the same height difference 
(Hofmann-Wellenhof & Moritz 2006) ................................................................................................... 26 
Figure 2.10: Level surfaces and plumb  lines (Hofmann-Wellenhof & Moritz 2006)............................ 26 
Figure 2.11: Calculation of a geopotential number at a  point on the  surface of the Earth (Hofmann-
Wellenhof & Moritz 2006) .................................................................................................................... 27 
Figure 2.12: Reduction of the gravity to the geoid (Hofmann-Wellenhof & Moritz 2006) .................. 28 
Figure 2.13: Bouguer plate correction to observed gravity (Hofmann-Wellenhof & Moritz 2006) ..... 28 
Figure 2.14: Classical terrain correction used to reduce  gravity observations (Hofmann-Wellenhof & 
Moritz 2006).......................................................................................................................................... 30 
Page ix List of Figures 
 
Figure 2.15: Relationship between quasigeoid, geoid and ellipsoid (Vaníček, Kingdon & Santos 2012)
 .............................................................................................................................................................. 31 
Figure 2.16: Establishment of a reference benchmark height (Sansò & Sideris 2013) ........................ 34 
Figure 2.17: Gravity data measured over a 36 hours period (dots) compared  with a solid Earth tide 
model (curve) (Altin et al. 2013) ........................................................................................................... 36 
Figure 2.18: Argentine’s first-order levelling network established in 1923 (Instituto Geográfico Militar 
1980) ..................................................................................................................................................... 40 
Figure 2.19: Current Argentine’s first-order levelling network (Instituto Geográfico Nacional 2014b)
 .............................................................................................................................................................. 40 
Figure 2.20: First adjustment of Argentine’s first-order levelling network performed in 1969 (Instituto 
Geográfico Nacional 2014b) ................................................................................................................. 41 
Figure 2.21: Last adjustment of Argentine’s first-order levelling network performed in 2013 (Instituto 
Geográfico Nacional 2014b) ................................................................................................................. 41 
Figure 2.22: First-Order World Gravity Network established in 1962 (Hamilton 1963) ....................... 43 
Figure 2.23: IGSN71 main gravimeter connections (Morelli et al. 1972) ............................................. 44 
Figure 2.24: First-order gravity network (Instituto Geográfico Nacional 2015) ................................... 45 
Figure 2.25: Absolute gravity network (Instituto Geográfico Nacional 2015) ...................................... 45 
Figure 2.26: Second-order gravity network (Instituto Geográfico Nacional 2015) .............................. 46 
Figure 2.27: Third-order gravity network (Instituto Geográfico Nacional 2015) .................................. 46 
Figure 2.28: New absolute gravity network (Instituto Geográfico Nacional 2015) .............................. 47 
Figure 2.29: New first-order gravity network (Instituto Geográfico Nacional 2015) ........................... 47 
Figure 3.1: Geoid, reference ellipsoid and their  gravities (Hofmann-Wellenhof & Moritz 2006) ....... 50 
Figure 3.2: Notations for Poisson’s integral and derived  formulas (Hofmann-Wellenhof & Moritz 
2006) ..................................................................................................................................................... 52 
Figure 3.3: Original Stokes’ function 𝑆𝜓 (Hofmann-Wellenhof & Moritz 2006) .................................. 55 
Figure 3.4: EGM2008 2.5-minute geoid heights (U.S. National Geospatial-Intelligence Agency 2008)
 .............................................................................................................................................................. 58 
Figure 3.5: Combination scheme of the normal equations used to develop EIGEN-6C4 (Förste et al. 
2014) ..................................................................................................................................................... 59 
Figure 3.6: Planar approximation of terrain reductions (Amos 2007) .................................................. 61 
Figure 3.7: Bullard B correction for a gravity station (Nowell 1999) .................................................... 62 
Figure 3.8: Pratt-Hayford isostatic model (Hofmann-Wellenhof & Moritz 2006) ................................ 63 
Figure 3.9: Airy-Heiskanen isostatic model (Hofmann-Wellenhof & Moritz 2006) .............................. 63 
Figure 3.10: Helmert’s second method of condensation  (Hofmann-Wellenhof & Moritz 2006) ........ 64 
List of Figures Page x 
 
 
Figure 3.11: The geometry of the RTM reduction (Sansò & Sideris 2013) ........................................... 65 
Figure 3.12: Hammer zones and compartments up to zone F (Amos 2007) ........................................ 66 
Figure 3.13: Notation used for the definition of a prism (Nagy, Papp & Benedek 2000) ..................... 68 
Figure 3.14: Grid points and model using the rectangle grid technique (Murai 1997) ........................ 70 
Figure 3.15: Grid points and model using the TIN technique (Murai 1997) ......................................... 70 
Figure 3.16: SRTM 90m Digital Elevation Database v4.1 (CGIAR-CSI 2008) ......................................... 71 
Figure 3.17: Global bathymetry and topography from the SRTM30_Plus model (Becker et al. 2009) 72 
Figure 3.18: Contributions of different data to regional geoid determination (Schwarz, Sideris & 
Forsberg 1987) ...................................................................................................................................... 73 
Figure 3.19: Latitude bands used in the spherical multi-band FFT approach (Forsberg & Sideris 1993)
 .............................................................................................................................................................. 75 
Figure 4.1: Surface of the new geoid model to be developed for Argentina (Mercator projection) ... 78 
Figure 4.2: Compiled 3” DTM used for the new Argentinean  geoid determination (Mercator 
projection) ............................................................................................................................................. 80 
Figure 4.3: Land gravity observations (Mercator projection) ............................................................... 82 
Figure 4.4: Grid scheme for obtaining the terrain corrections ............................................................. 86 
Figure 4.5: Marine gravity observations (Mercator projection) ........................................................... 88 
Figure 4.6: Computation scheme of gravity anomalies on the land surface (National Geospatial-
Intelligence Agency 1999) ..................................................................................................................... 90 
Figure 4.7: Computation scheme of gravity anomalies on the ocean surface (National Geospatial-
Intelligence Agency 1999) ..................................................................................................................... 90 
Figure 4.8: Sandwell et al. (2014) 23.1 version altimeter-derived gravity anomaly grid...................... 93 
Figure 4.9: Difference values between the shipborne gravity anomalies and the Sandwell et al. (2014) 
23.1 version model (Mercator projection) ........................................................................................... 94 
Figure 4.10: Variogram determined using the Surfer software and the gravity dataset ..................... 96 
Figure 4.11: RAMSAC CORS network (Instituto Geográfico Nacional 2014b) ...................................... 97 
Figure 4.12: Various IGS CORS network (Instituto Geográfico Nacional 2014b) .................................. 97 
Figure 4.13: First-order Argentinean geodetic network (Instituto Geográfico Nacional 2013) ........... 99 
Figure 4.14: Argentinean co-located GPS-levelling benchmarks (Piñón et al. 2014) ........................... 99 
Figure 4.15: Map of Argentina, where the two regions selected for testing the gridding methods can 
be seen (Mercator projection) ............................................................................................................ 109 
Figure 4.16:  Physical map of Argentina where the two regions selected for testing the gridding 
methods can be seen (Mercator projection) ...................................................................................... 109 
Page xi List of Figures 
 
Figure 4.17: Sector 1 map, with the distribution of the interpolated points (black) and the validating 
points (white) (Mercator projection) .................................................................................................. 110 
Figure 4.18:  Sector 2 map, , with the distribution of the interpolated points (black) and the 
validating points (white) (Mercator projection) ................................................................................. 110 
Figure 4.19: Variogram of the gravity anomalies estimated from the dataset from Sector 1. .......... 111 
Figure 4.20: Variogram of the gravity anomalies estimated from the dataset from Sector 2. .......... 111 
Figure 4.21: Argentinean gravity stations held by the IAG (Mercator projection) ............................. 113 
Figure 4.22: 5’x5’ Bouguer anomaly grid provided by the IAG (Mercator projection) ....................... 113 
Figure 4.23: WGM2012 refined Bouguer anomaly model (Bureau Gravimétrique International 2012)
 ............................................................................................................................................................ 114 
Figure 4.24: DTU13 model (Andersen et al. 2013) ............................................................................. 115 
Figure 4.25: Free-air anomaly grid, in which a sector of the Central Andes Ranges and Peru-Chile 
trench can be seen (Mercator projection) .......................................................................................... 117 
Figure 4.26: Refined Bouguer anomaly grid , in which a sector of the Central Andes Ranges and Peru-
Chile trench can be seen (Mercator projection) ................................................................................. 117 
Figure 4.27: Land and marine gravity observations (black dots), and mask area (grey colour) in 
Buenos Aires province and the Atlantic Ocean (Mercator projection) .............................................. 118 
Figure 4.28: Land and marine gravity observations (black dots), and fill-in gravity data from the 
DTU13 gravity grid (red dots)  (Mercator projection) ......................................................................... 118 
Figure 4.29: 1’ resolution residual refined-Bouguer anomaly grid (Mercator projection) ................. 119 
Figure 4.30:  3” resolution Bouguer plate reduction grid (Mercator projection) ............................... 119 
Figure 4.31: 1’ resolution residual Faye anomaly grid (Mercator projection) .................................... 120 
Figure 4.32: Computation procedure for residual Faye anomaly grid ................................................ 121 
Figure 5.1: Resulting grid after computing Stokes’ integral using the 1-D spherical FFT approach 
(Mercator projection) ......................................................................................................................... 124 
Figure 5.2: Resulting grid after computing Stokes’ integral using the multi-band spherical FFT 
approach (Mercator projection) ......................................................................................................... 124 
Figure 5.3: Geoid-undulation contribution from GOCO05S GGM complete  to degree and order 280 
(Mercator projection) ......................................................................................................................... 126 
Figure 5.4: Indirect topographic effect computed using a  DTM and the GCOMB software (Mercator 
projection) ........................................................................................................................................... 127 
Figure 5.5: Gravimetric geoid model resulting from the  multi-band spherical FFT approach (Mercator 
projection) ........................................................................................................................................... 128 
List of Figures Page xii 
 
 
Figure 5.6: Values of the difference between the geoid undulations derived from  the 1,904 co-
located GPS-levelling benchmarks and those derived from  the gravimetric geoid model developed 
(Mercator projection) ......................................................................................................................... 129 
Figure 5.7: Trend surface determined using the 4-parameter model (Mercator projection) ............ 132 
Figure 5.8: 3-D trend surface determined using the 4-parameter model .......................................... 132 
Figure 5.9: Trend surface determined using the 4-parameter model and the weighted-mean 
approach  (Mercator projection) ........................................................................................................ 133 
Figure 5.10: 3-D trend surface determined using the 4-parameter model and the weighted mean 
approach ............................................................................................................................................. 133 
Figure 5.11: Trend surface determined using the 4-parameter model and the LSC approach  
(Mercator projection) ......................................................................................................................... 134 
Figure 5.12: 3-D trend surface determined using the 4-parameter model and the LSC approach .... 134 
Figure 5.13: Procedure of the geoid modelling .................................................................................. 135 
Figure 5.14: Relative differences between the new fitted geoid model and the co-located GPS-
levelling points .................................................................................................................................... 136 
Figure 5.15: Histogram of the relative differences between the new fitted  geoid model and the co-
located GPS-levelling points ............................................................................................................... 137 
Figure 5.16: Differences between new geoid model and ARG05 (Mercator projection) ................... 138 
Figure 5.17: Differences between new geoid model and GAR (Mercator projection) ....................... 138 
  
Page xiii List of Tables 
 
LIST OF TABLES 
 
Table 1.1: A  list of  currently available  Earth’s Global Gravity Field Models  (International Centre for 
Global Earth Models 2015) ..................................................................................................................... 7 
Table 2.1: Orbit errors admissible for 1-cm baseline errors (Seeber 2003). ........................................ 21 
Table 2.2: Main errors in a single range GPS observation .................................................................... 22 
Table 2.3: Statistics of the differences between the gravity  values from 86 BACARA’s sites in the 
Potsdam and IGSN71 datum. ................................................................................................................ 44 
Table 3.1: Part of the classical terrain correction table, where ℎ is the mean topographic elevation in 
feet for each compartment with respect to the elevation of the gravity station and 𝐶𝑇 is the classical 
terrain correction in units of 1/100 mgal for a density 𝜌 = 2.00 g cm-3 (Hammer 1939). .................... 67 
Table 3.2 Main characteristics and typical accuracy of data sources used to derive DTMs (Hengl, 
Gruber & Shrestha 2003) ...................................................................................................................... 69 
Table 4.1 Parameters applied for computing terrain  corrections values using the TC program ......... 86 
Table 4.2 Statistics of the differences between the shipborne gravity anomalies  and Sandwell’s 23.1 
version gravity model from 489,653 measurements............................................................................ 93 
Table 4.3: GGMs tested over Argentina.............................................................................................. 100 
Table 4.4: Fragment of the EGM2008 spherical harmonic coefficients file required by the GEOCOL 
program; where L, M, C and S are the degree, order and fully normalised spherical harmonic 
coefficients respectively. .................................................................................................................... 100 
Table 4.5: Statistics of the differences between geoid heights derived from GGMs  and those 
determined from 1,904 co-located GPS-levelling benchmarks .......................................................... 102 
Table 4.6: Statistics of the differences between gravity anomalies derived from GGMs and those  
determined from 13,558 measurements of the first- and second-order gravity networks ............... 102 
Table 4.7: Comparison of quasigeoid heights derived from EGM2008, EIGEN-6C4 and GOCO05S 
GGMs with GPS-levelling derived geoid undulations values from USA, Canada, Europe, Australia, 
Japan and Brazil (International Centre for Global Earth Models 2015) .............................................. 103 
Table 4.8: Number of gravity anomalies used for evaluating the  interpolation algorithms within the 
two test regions .................................................................................................................................. 109 
Table 4.9: Statistics of the differences between the gravity anomalies derived from control points 
and gravity anomaly grids in sector 1 ................................................................................................. 111 
Table 4.10: Statistics of the differences between the gravity anomalies derived from control points 
and gravity anomaly grids in sector 2 ................................................................................................. 111 
List of Tables Page xiv 
 
 
Table 4.11: Statistics of the differences between 321,400 gravity observations  collected over the 
Atlantic Ocean and a few gravity models (Andersen et al. 2013)....................................................... 115 
Table 4.12: Statistics of the differences between four gravity  anomaly grids and the second-order 
gravity network points ........................................................................................................................ 116 
Table 5.1 Statistics of the differences between the  1-D and multi-band spherical FFT approaches 125 
Table 5.2: Statistics of the differences between 1,904 co-located GPS-levelling benchmarks  and the 
geoid models derived from the multi-band and 1-D spherical FFT approaches ................................ 128 
Table 5.3: Statistics of the differences between the geoid undulations derived from the 1,891  co-
located GPS-levelling benchmarks and those derived from the fitted geoid models ........................ 134 
Table 5.4: Statistics of the differences between  the new and existing geoid models....................... 139 
Table 5.5: Statistics of the differences between 1,891 co-located  GPS-levelling benchmarks and the 
existing geoid models ......................................................................................................................... 139 
 
  
Page xv List of Abbreviations 
 
LIST OF ABBREVIATIONS 
 
BGI Bureau Gravimétrique International 
CHAMP Challenging Mini-satellite Payload 
CORS Continuously Operating Reference Station 
DTM Digital Terrain Model 
EGM2008 Earth Gravitational Model 2008 
EGM96 Earth Gravitational Model 1996 
EIGEN European Improved Gravity Model of the Earth by New Techniques 
FFT Fast Fourier Transformation 
GBVP Geodetic Boundary Value Problem 
GGM Global Geopotential Model 
GNSS Global Navigation Satellite Systems 
GOCE Gravity Field and Steady-State Ocean Circulation Explorer 
GOCO Gravity Observation Combination 
GPS Global Positioning System 
GRACE Gravity Recovery and Climate Experiment 
GRS67 Geodetic Reference System 1967 
GRS80 Geodetic Reference System 1980 
GVD Global Vertical Datum 
IAG International Association of Geodesy  
ICGEM International Centre for Global Earth Models 
IGM Instituto Geográfico Militar 
IGN Instituto Geográfico Nacional 
IGS International GNSS Service 
IGSN71 International Gravity Standardization Network 1971 
ITRF International Terrestrial Reference Frame  
IUGG International Union of Geodesy and Geophysics 
LAGEOS Laser Geodynamics Satellites 
LVD Local Vertical Datum 
MSL Mean Sea Level 
NGA U.S. National Geospatial-Intelligence Agency 
NOAA U.S. National Oceanic and Atmospheric Administration 
List of Abbreviations Page xvi 
 
 
POSGAR 2007 Posiciones Geodésicas Argentinas 2007 
RTM Residual Terrain Model  
SLR Satellite Laser Ranging 
SRTM Shuttle Radar Topography Mission 
SST Sea Surface Topography 
 
Page 1 Introduction 
 
1. INTRODUCTION 
 
1.1. Background 
The geoid is a surface of the gravity field of the Earth that can be approximated by the mean sea 
level (MSL). It is defined as “one of the equipotential surfaces of the Earth’s gravity potential, of 
which the (mean) surface of the oceans forms a part” (Hofmann-Wellenhof & Moritz 2006, p. 1). This 
means that the geoid surface is perpendicular to the gravity vectors at all points. The geoid, 
commonly known as the Figure of the Earth, is not a regular surface. This irregularity is highly 
correlated to the inhomogeneous mass distribution of the Earth. The lack of uniformity of the mass 
is a result of the surface topography (i.e. mountains, valleys, plains, etc.) and the internal 
composition of the Earth (i.e. varying in density of the inner crust). Thus, a geoid can be applied to 
infer the grade of homogeneity (or inhomogeneity) of the mass distribution of the Earth from the 
measurement of gravitational fluctuations.  
During the 1990s, precise geoid determination became a focus for international researchers, who 
started using the geoid models for many scientific applications. In geology, the inversion of geoids 
was used for mineral exploration, e.g. gas and oil. In oceanography, the geoid contributed to the 
computation of the sea surface topography by determining the differences between reference 
surfaces (i.e. mean sea surface) derived from tide gauge observations (Rapp 1994). In geophysics, 
the geoid has been used to determine Moho depths (Vanicek & Christou 1993) and lithospheric 
structures (Götze & Kirchner 1997), since it reveals the near-surface geological structures 
(Featherstone 1997). In cartography, the geoid has been used as a reference surface to calculate the 
altitude of any point with respect to the MSL (Torge 2001). Finally, in geodesy, geoid models were 
used in combination with GPS and spirit-levelling observations to connect vertical datums that could 
not be unified by means of a direct linkage procedure (i.e. sprit levelling and gravity measurements 
over some vertical datum’s common benchmarks), which are not likely when vertical datums are 
separated by oceans or other large bodies of water (Arabelos & Tscherning 2001; Featherstone 
2000; Nahavandchi & Sjöberg 1998; Pan & Sjöberg 1998). 
In a practical sense, a geoid model is given by a regular grid over the Earth’s surface and a value 
called geoid undulation (𝑁), representing the separation between two geodetic fundamental 
surfaces: the geoid and ellipsoid, is assigned at each point of the grid (Heiskanen & Moritz 1967): 
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𝑁 = ℎ −𝐻 (1.1) 
where ℎ is the ellipsoidal height ,i.e. the height with respect to the reference ellipsoid; and 𝐻 is the 
orthometric height, i.e. the height with respect to the MSL or the geoid, depending on the vertical 
datum definition. The three terms will be explained in detail in the following sections. 
The reference ellipsoid is the mathematical figure that coincides best to the shape of the Earth 
(Nörlund 1937). It can be defined by two parameters: the radius at equator called major semi-axis 
(𝑎) and the flattening (𝑓). Cartographic, defence and scientific agencies all around the world 
collaborate for the definition of several reference ellipsoids. Nowadays the most commonly used 
ones are WGS-84, defined by the National Imagery and Mapping Agency of the United States of 
America (NIMA), and GRS80, defined by the International Union of Geodesy and Geophysics (IUGG). 
Global Positioning System (GPS) and Global Navigation Satellite Systems (GNSS) use WGS-84 as the 
reference surface to express coordinates of any points on the Earth. Fortunately, GPS and GNSS 
technologies have progressed greatly in the past two decades. The ellipsoidal heights derived from 
these technologies, can be achieved with an accuracy of a few millimetres (Alber et al. 1997). 
However, the determination of orthometric heights is a complex task. Until the 1990s, the most 
commonly used observing techniques were spirit levelling and gravimetry. These measuring 
techniques require the usage of two geodetic instruments: an optical level and a relative gravimeter 
respectively. Although high accuracy results can be obtained by employing this equipment, it is time 
consuming, e.g. generally, a surveyor can only cover 5 – 10 km-distance per day; and thus it becomes 
very expensive. Nevertheless, an alternative to this technique is using the 𝑁 value derived from a 
geoid model and the ℎ value obtained from GPS/GNSS observations to determine the 𝐻 value using 
formula (1.1). This approach is very convenient due to its simplicity and high accuracy results. Its 
accuracy is dependent on the accuracy of the geoid model. 
Nowadays, computational and surveying improvements allow the development of geoid models 
with an accuracy of a couple of centimetres (Smith et al. 2013). Though, different sources of 
information are required for the determination of a precise geoid. First, a detailed digital terrain 
model (DTM) is required in the computation procedure. Most of the current DTMs used for geoid 
development are satellite based, such as the Shuttle Radar Topography Mission (Jet Propulsion 
Laboratory 2000). Secondly, a global geopotential model (GGM), such as the Earth Geopotential 
Model 2008 (Pavlis et al. 2012), is required. Finally, precise land, shipborne and airborne gravity 
observations are essential to obtain a centimetre-accuracy geoid. 
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Several Argentinean geoid models, which will be described in detail in Section 1.2, have been 
developed in the past decade. However, their accuracy is under desired if compared with modern 
available international geoids. Moreover, Argentina currently lacks of an official geoid model, which 
affects the growth of its economy, the management of its natural resources and the implementation 
of integrated urban development strategies. Therefore, it is crucial to define a new precise and high 
resolution geoid model that agrees with the national vertical datum, and that the national mapping, 
geological and cadastres agencies can adopt as the new vertical reference system. 
 
1.2. History of the Argentinean Geoid 
1.2.1. Argentinean Geoid 1998 
The first Argentinean gravimetric geoid model was developed in 1998 with a 20’×20’ resolution. The 
geoid model was determined using the remove-compute-restore technique (Schwarz, Sideris & 
Forsberg 1990) and a modified Stokes’ integral (Font et al. 1998). The long-wavelength part of the 
Earth’s gravity field was removed from 15,000 land gravity observations collected (Figure 1.1) using 
the most state of the art (at the time) geopotential model EGM96 (Lemoine et al. 1998) up to degree 
and order 50. The ETOPO5 (Edwards 1989) DTM was used to determine the terrain corrections for 
the gravity data. 
 The accuracy of the geoid model was obtained by comparing the geoid undulation values obtained 
from 55 co-located GPS and levelling benchmarks (Figure 1.2) with those obtained from the geoid 
model. According to Font et al. (1998), the standard deviation of the geoid undulation differences 
was 1.366 metres. 
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Figure 1.1: Geographic distribution of gravity observations 
over the study area (Pacino & Font 1999) 
 
Figure 1.2: Geographic distribution of the 55 co-located GPS 
and levelling benchmarks (Font et al. 1998) 
 
1.2.2. Argentinean Geoid 2005 (ARG05) 
The first Argentinean precise gravimetric geoid model was determined in 2005, which was called 
ARG05 (Tocho, Font & Sideris 2007), and it was developed using the remove-compute-restore 
technique (Schwarz, Sideris & Forsberg 1990) and the Stokes’ integral computation in convolution 
form (Tocho, Font & Sideris 2007). It was based on the EGM96 (Lemoine et al. 1998) and 
EIGEN_CG01C (Reigber et al. 2006) GGMs, the KMS2002 (Andersen, Knudsen & Trimmer 2005) 
global marine gravity field model and the GTOPO30 (United States Geological Survey 1999) DTM. 
According to Tocho et al. (2007), land and marine gravimetric data were referred to the GRS80 
(Moritz 1980b) reference system (Figure 1.3).  
ARG05 was validated by comparing the geoid undulation values over 539 co-located GPS and 
levelling benchmarks (Figure 1.4) with those obtained from the geoid model developed.  The 
standard deviation based on the discrepancies at the 539 benchmarks was 32 cm. 
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Figure 1.3: Geographic distribution of gravity observations 
over the study area (Tocho, Font & Sideris 2007) 
 
Figure 1.4: Geographic distribution of the 539 co-located 
GPS and levelling benchmarks (Tocho, Font & Sideris 2007) 
 
1.2.3. Argentinean Geoid 2006 (GAR) 
In 2006, Corchete and Pacino (2007) developed a new geoid model for Argentina, which was named 
GAR. The fast Fourier transform (FFT) technique was used to compute the Stokes’ integral in a 
convolution form. The geoid was based on the EIGEN-GL04C (Förste et al. 2008) GGM, the Shuttle 
Radar Topography Mission (Farr et al. 2007) DTM, the ETOPO2 gridded global relief model 
developed by the U.S. National Oceanic and Atmospheric Administration (NOAA) (U.S. Department 
of Commerce 2006), and land and marine gravity data provided by the U.S. National Geophysical 
Data Center (NGDC), the Bureau Gravimétrique International (BGI) and the Gravity Databank of 
Argentina (Figure 1.5).  
Figure 1.6 shows the distribution of the 393 co-located GPS and levelling benchmarks used for the 
validation of GAR. The standard deviation of the 393 differences is 21 centimetres. Although this 
results made an improvement compared to ARG05 (in terms of standard deviation), it is still has a 
big room for further improvements. 
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Figure 1.5: Geographic distribution of gravity observations 
over the study area (Corchete & Pacino 2007) 
Figure 1.6: Geographic distribution of the 393 co-located 
GPS and levelling benchmarks (Corchete & Pacino 2007) 
GAR has the following limitations: 
 GAR was based on EIGEN-GL04C, which was the latest release of a GGM in 2006. Since then, 
many GGMs have been developed (see Table 1.1), rendering EIGEN-GL04C outdated; 
 GAR used the ETOPO2 bathymetry model (U.S. Department of Commerce 2006). Currently 
various updated versions of global bathymetric models have been available such as 
SRTM30_Plus (Becker et al. 2009), ETOPO1 (Amante & Eakins 2009), DTU13 (Andersen et al. 
2013) and GEBCO_08 Grid (General Bathymetric Chart of the Oceans 2008); 
 GAR used an old release of land gravity provided by the Instituto Geográfico Nacional (IGN) – 
National Geographic Institute of Argentina. This dataset was composed of approximately 
15,000 points and it was recently updated by the IGN; 
 GAR included an old dataset of GPS-levelling benchmarks provided by the IGN. In 2015, the 
IGN published the latest adjustment of the levelling network (Piñón, Guagni & Cimbaro 
2014) and calculated the orthometric height of all the levelling benchmarks (approximately 
32,000). In 2009, the IGN published a new reference frame, called Posiciones Geodésicas 
Argentinas (POSGAR) 2007 – Argentinean Geodetic Positions (Cimbaro, Lauría & Piñón 2009) 
based on the International Terrestrial Reference Frame (ITRF) 2005 (Altamimi et al. 2007). 
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Table 1.1: A  list of  currently available  Earth’s Global Gravity Field Models 
 (International Centre for Global Earth Models 2015) 
 
Model  Year Degree Data Reference 
GGM05G 2015 240 S(Grace,Goce) Bettadpur et al. 2015 
GOCO05s 2015 280 S(Goce,Grace,Lageos,…) Mayer-Gürr et al. 2015 
GO_CONS_GCF_2_SPW_R4 2014 280 S(Goce) Gatti et al. 2014 
EIGEN-6C4 2014 2190 S(Goce,Grace,Lageos),G,A Förste et al. 2014 
ITSG-Grace2014s 2014 200 S(Grace) Mayer-Gürr et al. 2014 
ITSG-Grace2014k 2014 200 S(Grace) Mayer-Gürr et al. 2014 
GO_CONS_GCF_2_TIM_R5 2014 280 S(Goce) Brockmann et al. 2014 
GO_CONS_GCF_2_DIR_R5 2014 300 S(Goce,Grace,Lageos) Bruinsma et al. 2013 
JYY_GOCE04S 2014 230 S(Goce) Yi et al. 2013 
GOGRA04S 2014 230 S(Goce,Grace) Yi et al. 2013 
EIGEN-6S2 2014 260 S(Goce,Grace,Lageos) Rudenko et al. 2014 
GGM05S 2014 180 S(Grace) Tapley et al. 2013 
EIGEN-6C3stat 2014 1949 S(Goce,Grace,Lageos),G,A Förste et al. 2012 
Tongji-GRACE01 2013 160 S(Grace) Chen et al. 2013 
JYY_GOCE02S 2013 230 S(Goce) Yi et al. 2013 
GOGRA02S 2013 230 S(Goce,Grace) Yi et al. 2013 
ULux_CHAMP2013s 2013 120 S(Champ) Weigelt et al. 2013 
ITG-Goce02 2013 240 S(Goce) Schall et al. 2014 
GO_CONS_GCF_2_TIM_R4 2013 250 S(Goce) Pail et al. 2011 
GO_CONS_GCF_2_DIR_R4 2013 260 S(Goce,Grace,Lageos) Bruinsma et al. 2013 
EIGEN-6C2 2012 1949 S(Goce,Grace,Lageos),G,A Förste et al. 2012 
DGM-1S 2012 250 S(Goce,Grace) Farahani et al. 2013 
GOCO03S 2012 250 S(Goce,Grace,...) Mayer-Gürr et al. 2012 
GO_CONS_GCF_2_DIR_R3 2011 240 S(Goce,Grace,Lageos) Bruinsma et al. 2010 
GO_CONS_GCF_2_TIM_R3 2011 250 S(Goce) Pail et al. 2011 
GIF48 2011 360 S(Grace),G,A Ries et al. 2011 
EIGEN-6C 2011 1420 S(Goce,Grace,Lageos),G,A Förste et al. 2011 
EIGEN-6S 2011 240 S(Goce,Grace,Lageos) Förste et al. 2011 
GOCO02S 2011 250 S(Goce,Grace,...) Goiginger et al. 2011 
AIUB-GRACE03S 2011 160 S(Grace) Jäggi et al. 2011 
GO_CONS_GCF_2_DIR_R2 2011 240 S(Goce) Bruinsma et al. 2010 
GO_CONS_GCF_2_TIM_R2 2011 250 S(Goce) Pail et al. 2011 
GO_CONS_GCF_2_SPW_R2 2011 240 S(Goce) Migliaccio et al. 2011 
GO_CONS_GCF_2_DIR_R1 2010 240 S(Goce) Bruinsma et al. 2010 
GO_CONS_GCF_2_TIM_R1 2010 224 S(Goce) Pail et al. 2010a 
GO_CONS_GCF_2_SPW_R1 2010 210 S(Goce) Migliaccio et al 2010 
GOCO01S 2010 224 S(Goce,Grace) Pail et al. 2010b 
EIGEN-51C 2010 359 S(Grace,Champ),G,A Bruinsma et al. 2010 
AIUB-CHAMP03S 2010 100 S(Champ) Prange 2011 
EIGEN-CHAMP05S 2010 150 S(Champ) Flechtner et al. 2010 
ITG-Grace2010s 2010 180 S(Grace) Mayer-Gürr et al. 2010 
AIUB-GRACE02S 2009 150 S(Grace) Jäggi et al. 2009 
GGM03C 2009 360 S(Grace),G,A Tapley et al. 2007 
GGM03S 2008 180 S(Grace) Tapley et al. 2007 
AIUB-GRACE01S 2008 120 S(Grace) Jäggi et al. 2008 
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EIGEN-5S 2008 150 S(Grace,Lageos) Förste et al. 2008 
EIGEN-5C 2008 360 S(Grace,Lageos),G,A Förste et al. 2008 
EGM2008 2008 2190 S(Grace),G,A Pavlis et al. 2008 
ITG-Grace03 2007 180 S(Grace) Mayer-Gürr et al. 2007 
AIUB-CHAMP01S 2007 90 S(Champ) Prange et al. 2009 
ITG-Grace02s 2006 170 S(Grace) Mayer-Gürr et al 2006 
EIGEN-GL04S1 2006 150 S(Grace,Lageos) Förste et al 2006 
EIGEN-GL04C 2006 360 S(Grace,Lageos),G,A Förste et al. 2006 
 
1.3. Aim and Objectives 
The aim of this research is to develop a new precise and high resolution gravimetric geoid model for 
Argentina by incorporating the latest development in GGMs; DTMs; airborne, land and marine 
gravity measurements; spirit levelling and GPS observations in Argentina and also its surrounding 
areas. The main objectives of the research include: 
1. To investigate the optimal GGM to be used for the reference gravity field for the new geoid 
model; 
2. To assess the quality of the new gravity data, in particular the systematic bias (if any), and 
the correction models required for reducing the gravity data (i.e. airborne, land and marine) 
using appropriate methods and procedures; 
3. To identify an optimal DTM and bathymetric model for the calculation of the terrain 
corrections; 
4. To investigate the impact of the selected DTM on the new geoid model and the terrain-
related direct and indirect effects in the geoid determination;  
5. To identify the optimal prediction algorithm for gridding the reduced gravity anomalies; 
6. To study the best modification of Stokes’ kernel for determining the geoid model; and 
7. To evaluate the relative and absolute precisions of the final geoid model. 
 
1.4. Significance 
This research is significant for the following reasons: 
1. The geoid determined in this research will be adopted as the official Argentinean geoid 
model. A large number of public agencies, universities and private companies are eager to 
access to an official precise high resolution geoid model that agrees with the national 
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vertical datum and is linked to the national geocentric reference frame (i.e. POSGAR 2007). It 
is regarded the best even in the history since many organisations and researchers have 
contributed to this model development by providing gravimetric data all around the country;  
2. From a geodetic perspective, the new Argentinean geoid model is a significant case study 
due to the unique special and irregular topography found along South America in general 
(e.g. the Chile-Peru trench and Andes mountains), and Argentina in particular (e.g. the 
Mount Aconcagua’s summit is 6,960 meters above the sea level and it is the highest 
mountain in the western hemisphere); 
3. This project will serve as a basis for the creation of a new national data centre for providing 
gravimetric information to the scientific community. This information is to be centralised, 
which will be a major contribution to future Earth sciences studies. The new data centre will 
be installed at the IGN and the data will be accessible through its Web page: 
http://ign.gob.ar/; 
4. This research will contribute to gravity-surveying agencies with recommendations for future 
gravity network densification in areas that lack of sufficient data for determining a precise 
geoid model. This will be beneficial for the future updates of the Argentinean geoid model; 
5. Due to the fact that the Argentinean Atlantic coastline is approximately 4,000 km long, sea 
level rise, which is a consequence of global warming, is endangering the inhabitants that 
have settled close to the seashore and below the flood level. A geoid model can be used 
together with tide gauge observations and satellite altimetry to determine sea level rise. This 
research can facilitate the development of a national strategic plan to prevent human 
casualties and economic losses when natural disasters occur in Argentina; and 
6. Geoid undulations can be inversed and used to explore potential oil and gas reservoirs 
(Vanicek & Christou 1993). Consequently, the new precise geoid model will have a direct and 
very positive impact in mining industries and will improve the position of public entities in 
managing natural resources. 
In short, this research pursues many national priorities and can contribute to the development of 
Argentina not only in scientific aspects (e.g. earth sciences) but also in economic (e.g. natural 
resources prospection) and social aspects (e.g. development of urban policies for coastal cities). 
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1.5. Structure of the Thesis 
This thesis is organized in 6 chapters and they are briefly summarised below 
Chapter 1 introduces the research topic and briefly describes the applications of a geoid model and 
the related background in Argentina. The chapter also states the aim, objectives and significance of 
this research for the Argentinean context. 
Chapter 2 explains the theoretical background of the Earth’s gravity field determination and the 
gravity potential computation in terms of spherical harmonics. The principles and estimated 
accuracy of GPS and sprit-levelling heightening are presented. Different approaches to determining 
height systems and vertical datums adopted in modern geodesy and its relationship with the Earth’s 
gravity field are introduced. Furthermore, the elastic deformations of the Earth caused by the 
gravitational action of the Moon and Sun, also known as Earth’s tides, are presented, as well as their 
implications in vertical datum definition. Finally, the history of the development of the Argentinean 
gravity and levelling networks along with their accuracy are described. 
Chapter 3 describes the methodologies and techniques utilized for determining the geoid model. 
The disturbing potential concept and the theory of the geodetic boundary value problem, which 
leads to the conventional Stokes’ integral formulation, are presented. An introduction to the GGMs 
is given and a few modern satellite-only and combined geopotential models (i.e. EGM2008, EIGEN-
6C4, GO_CONS_GCF_2_DIR_R5 and GOCO05S) are described. Several terrain reduction procedures 
required for condensing the topographic masses of the Earth on the geoid surface by means of a 
DTM are explained. The remove-compute-restore technique, in which some wavelength parts of the 
Earth’s gravity field are removed using the GGM and DTM, is discussed. Finally, several Stokes’ 
kernel functions and their associated truncation errors are described. 
Chapter 4 outlines the procedures for reducing the land and marine gravity observations (e.g. 
atmospheric, free-air, Bouguer and terrain corrections) before determining the Faye gravity anomaly 
grid, which is required to compute the geoid undulations using the FFT technique in the Helmert-
Stokes scheme. Several validation methods used to detect gross errors and biases among gravity 
datasets are discussed, and some numerical results are presented. A number of GGMs are evaluated 
using gravity stations and co-located GPS-levelling benchmarks for the selecting of the optimal 
gravity reference field for the determination of the Argentinean new geoid model. Various gridding 
techniques, i.e. minimum-curvature spline, moving weighted average, ordinary Kriging and universal 
Kriging, are described. Some numerical results are compared in order to identify the more accurate 
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interpolation method for the gridding of the observed gravity anomalies. A few global gravimetric 
grids (e.g. WGM2012 and DTU13), which are required for filling the gaps produced by the uneven 
gravity observation distribution, are described and compared. Finally, a gravity reconstruction 
method is implemented to compute the Faye anomaly grid. 
Chapter 5 presents the numerical results of the new gravimetric geoid model. Two techniques for 
solving Stokes’ integral, i.e the 1-D spherical FFT and multi-band spherical FFT approximation 
techniques, are tested and compared. Furthermore, the indirect topographic effect is determined 
for the study area using the regular prism integration. Moreover, the gravimetric geoid model is 
fitted to the Argentinean vertical datum using ~1,900 co-located GPS-levelling points. Three 
approaches, i.e. 4-parameter model (trend surface), 4-parameter (trend surface) plus the weighted 
means interpolation approach (residuals) and 4-parameter (trend surface) plus the LSC approach 
(residuals), are tested for the determination of the optimal corrective surface. Finally, the new geoid 
is validated and compared with the existing versions of the Argentinean geoid model. 
Chapter 6 summarises the outcomes and conclusions of the research. A number of 
recommendations are also made for further development of the next generations or versions of the 
Argentinean gravimetric geoid model. 
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2. GRAVITY FIELD, VERTICAL DATUM AND HEIGHT SYSTEM 
 
2.1. Gravity Field of the Earth 
2.1.1. Gravitational Potential 
“The force acting on a body at rest on the Earth’s surface is the resultant of gravitational force and 
the centrifugal force of the Earth’s rotation” (Heiskanen & Moritz 1967, p. 46). Newton’s law of 
gravitation (1687) describes the attractive force (𝐹) between two particles in the universe with 
masses of 𝑚1 and 𝑚2 as 
𝐹 = −𝐺
𝑚1𝑚2
𝑙2
 (2.1) 
where 𝐺 is the gravitational constant that has a value of approximately 6.6742 10−11 m3 kg−1 s−2 
(Hofmann-Wellenhof & Moritz 2006), 𝑙 is the distance between the two particles, and m1 and m2 
denote the mass of the two particles. 
By introducing a Cartesian coordinate system for a mass 𝑚 and an attracted point 𝑃 with the 
coordinates (𝑥, 𝑦, 𝑧) (Figure 2.1), the three components of the force vector 𝐹 can be represented by 
−𝐹 cos𝛼 = −
𝐺 𝑚
𝑙2
 
𝑥 − 𝜉
𝑙
= − 
𝐺 𝑚
𝑙3
(𝑥 − 𝜉) 
−𝐹 cos𝛽 = −
𝐺 𝑚
𝑙2
 
𝑦 − 𝜂
𝑙
= − 
𝐺 𝑚
𝑙3
(𝑦 − 𝜂) 
−𝐹 cos 𝛾 = −
𝐺 𝑚
𝑙2
 
𝑧 − 𝜍
𝑙
= − 
𝐺 𝑚
𝑙3
(𝑧 − 𝜍) 
(2.2) 
where 
𝑙 = √(𝑥 − 𝜉)2 + (𝑦 − 𝜂)2 + (𝑧 − 𝜍)2 . (2.3) 
𝐹 can be expressed by the form of a vector: 
𝐹 = −
𝐺 𝑚
𝑙3
{(𝑥 − 𝜉)𝑖̂ + (𝑦 − 𝜂)𝑗̂ + (𝑧 − 𝜍)?̂?} = −
𝐺 𝑚
𝑙3
 ?̂?  (2.4) 
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where 𝑖,̂ 𝑗̂ and ?̂? denote the unit vectors in the three directions of the coordinate system. 
 
Figure 2.1: The components of the gravitational force (Hofmann-Wellenhof & Moritz 2006) 
Since the circulation around any close curve in the gravity field (𝐹) is equal to zero, the force is 
conservative and it admits a potential function called the potential of gravitation (𝑉) 
𝑉 =
𝐺 𝑚
𝑙
 . (2.5) 
Then, the work done when an object is moved from one point to another is independent of the path 
and is equal to 𝑉. The components of 𝐹 are given by 
𝐹𝑖̂ =
𝜕𝑉
𝜕𝑥
 ;  𝐹𝑗̂ =
𝜕𝑉
𝜕𝑦
 ;  𝐹?̂? =
𝜕𝑉
𝜕𝑧
 . (2.6) 
Thus, 
𝐹 = grad 𝑉 = ∇𝑉 (2.7) 
where ∇𝑉 is called the gradient of the gravitational potential function 𝑉 and is given by 
∇𝑉 = (
𝜕𝑉
𝜕𝑥
 ,
𝜕𝑉
𝜕𝑦
 ,
𝜕𝑉
𝜕𝑧
) . (2.8) 
 
The potential of gravitation for a system of particles 𝑚1, 𝑚2… 𝑚𝑛 is 
𝑉 =
𝐺 𝑚1
𝑙1
+
𝐺 𝑚2
𝑙2
+⋯+
𝐺 𝑚𝑛
𝑙𝑛
= 𝐺∑
𝑚𝑖
𝑙𝑖
𝑛
𝑖=1
 . (2.9) 
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According to Torge (2001), the Earth is composed of an infinite number of particles distributed 
continuously over a volume v with a density of 
𝜌 =
𝑑𝑚
𝑑𝑣
 (2.10) 
where dm and 𝑑𝑣 are the differentials of the mass and volume elements respectively. Then the 
gravitational potential of a solid body can be calculated by 
𝑉 = 𝐺∭
𝑑𝑚
𝑙
𝑣
= 𝐺∭
𝜌
𝑙
𝑣
𝑑𝑣 . (2.11) 
Besides, the extension of Gauss’s theorem indicates (Mather 1971) 
∬𝐹 ∙ ?̂?
𝑆
 𝑑𝑆 = {
   0                                       if no matter exists within surface S 
   −4𝜋𝐺∭𝜌 𝑑𝑣
𝑣
          if all matter exists within surface S
 (2.12) 
where 𝑆 is the surface containing a volume called 𝑣, 𝐹 is the gravitational force vector, ?̂? is the unit 
vector normal to the surface 𝑆, 𝑑𝑆 is the differential of 𝑆 and 𝐺 is the universal constant of 
gravitation.  
Furthermore, the divergence theorem expresses 
∬𝐹 ∙ ?̂?
𝑆
 𝑑𝑆 =∭∇ ∙ 𝐹
𝑣
𝑑𝑣. (2.13) 
Substituting equation (2.7) into (2.13) leads  
∬∇𝑉 ∙ ?̂?
𝑆
 𝑑𝑆 =∭∇ ∙ ∇𝑉
𝑣
𝑑𝑣. (2.14) 
In addition, there is an operator defined as the divergence (∇ ∙) of the gradient (∇𝑓), which is called 
Laplace operator, and it is given by 
∇2𝑓 = ∇ ∙ ∇𝑓 (2.15) 
where 𝑓 is a twice-differentiable real valued function. Then equation (2.14) can be written as 
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∬∇𝑉 ∙ ?̂?
𝑆
 𝑑𝑆 =∭∇2𝑉
𝑣
𝑑𝑣. (2.16) 
Finally, from equations (2.12) and (2.16) the following Poisson’s equation is obtained (Heiskanen & 
Moritz 1967): 
∇2𝑉 = −4𝜋𝐺𝜌 (2.17) 
and it is true for all points contained inside a surface that encloses the whole Earth, while the 
Laplace’s equation expressed by 
∇2𝑉 = 0 (2.18) 
is true for all points outside the surface that contains the Earth. 
 
2.1.2. Centrifugal Potential 
Each point on the surface of the Earth rotates around the 𝑧 axis at an angular velocity 𝜔 and is 
affected by a centrifugal force 𝐹 (Heiskanen & Moritz 1967) as shown in Figure 2.2, then 
𝐹 = 𝑚𝜔2𝑝 (2.19) 
where 𝑚 is the mass of a particle and 𝑝 is the distance from the particle to the 𝑧 axis. The distance 𝑝 
is given by 
𝑝 = √𝑥2 + 𝑦2 . (2.20) 
 
Figure 2.2: The centrifugal force (Hofmann-Wellenhof & Moritz 2006) 
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For a unit mass 𝑃, the centrifugal force 𝐹 is 
𝐹 = 𝜔2(𝑥𝑃 𝑖̂ + 𝑦𝑃 𝑗̂) . (2.21) 
By defining a centrifugal potential 𝑄 
𝐹 = −∇𝑄 , (2.22) 
𝑄 can be expressed as 
𝑄 = −
1
2
𝜔2(𝑥2 + 𝑦2) . (2.23) 
Finally, the Laplace’s equation for the centrifugal potential is (Mather 1971) 
∇2𝑄 = 2𝜔2 . (2.24) 
 
2.1.3. Gravity Potential 
The gravity potential can be expressed as  
𝑊 = 𝑉 + 𝑄 (2.25) 
where 𝑉 and 𝑄 are denoted by equations (2.11) and (2.23) respectively. Thus, the total potential of a 
rotating body can be given by (Mather 1971) 
∇2𝑊 = ∇2𝑉 + ∇2𝑄 = {
    2𝜔2                       if no matter exists within surface S
 
−4𝜋𝐺𝜌 + 2𝜔2        if all matter exists within surface S
 (2.26) 
 
2.1.4. Potential Expressed in Terms of Spherical Harmonics 
The gravitational potential 𝑉 can be expressed as a harmonic function, which can be expanded into a 
series of spherical harmonics. Nevertheless, the following two conditions are imposed to the 
solution (Mather 1971): 
i. The region it is applied to is outside the attracting masses; and 
ii. Positions are defined in a spherical coordinate system. 
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Let 𝑟 be the geocentric distance to a fixed point 𝑃 for which 𝑉 is to be calculated, 𝑟′ the geocentric 
distance to a mass element 𝑑𝑀 = 𝜌 𝑑𝑥′𝑑𝑦′𝑑𝑧′ = 𝜌𝑟′2 sin𝜑 ′𝑑𝑟′𝑑𝜑′𝑑𝜆′, and 𝜓 the angle between 𝑟 
and 𝑟′, then 𝑉 can be expressed (Heiskanen & Moritz 1967) 
𝑉 = ∑ ∑ [𝐶𝑛𝑚
cos  𝑚𝜆
𝑟𝑛+1
+ 𝑌𝑛𝑚
sin  𝑚𝜆
𝑟𝑛+1
]
𝑛
𝑚=0
∞
𝑛=0
𝑃𝑛𝑚(cos  𝜑) (2.27) 
where 𝑛 and 𝑚 are the degree and order of the fully normalized associated Legendre polynomials 
𝑃𝑛𝑚(cos  𝜑) respectively, 𝜆 and 𝜑 are spherical coordinates, and 𝐶𝑛𝑚 and 𝑌𝑛𝑚 are the fully 
normalized spherical coefficients associated to Legendre polynomial, which are given by (Heiskanen 
& Moritz 1967) 
𝐶𝑛𝑚 = 
𝐺
(𝑛 −𝑚)
∭𝑟′𝑛
𝐸𝑎𝑟𝑡ℎ
𝑃𝑛𝑚(cos  𝜑′) cos  𝑚𝜆′ 𝑑𝑀 
𝑌𝑛𝑚 =
𝐺
(𝑛 −𝑚)
∭𝑟′𝑛
𝐸𝑎𝑟𝑡ℎ
𝑃𝑛𝑚(cos  𝜑′) sin  𝑚𝜆′ 𝑑𝑀 . 
(2.28) 
 
2.1.5. Normal Potential 
The shape of the Earth can be approximated to an ellipsoid of revolution. The difference between 
the normal gravity field associated with the ellipsoid and the actual gravity field is small enough to 
be considered linear (Heiskanen & Moritz 1967). Therefore, the Earth’s gravity field can be split into 
a normal and disturbing field.  
The level ellipsoid is an equipotential surface of the normal gravity field. By adding the total mass of 
the Earth 𝑀, the rotational angular velocity 𝜔 and the geometric parameters of the ellipsoid of 
revolution (semi-axes 𝑎 and 𝑏), the normal gravity field is introduced (Torge 2001) and its potential is 
given by 
𝑈 = 𝑉 +
1
2
𝜔2(𝑥2 + 𝑦2) . (2.29) 
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2.1.6. Gravity 
After having presented the gravitational and centrifugal potentials a new concept called gravity can 
be introduced. The gravity is the total force acting on a body at rest on the Earth’s surface 
(Heiskanen & Moritz 1967) derived from the gravitational and centrifugal forces. Moreover, the 
gravity vector 𝑔 can is also defined as the total force that acts on a unit mass, and it can be 
expressed as the gradient of the gravity potential 𝑊 
𝑔 = grad 𝑊 = ∇𝑊 = [
𝜕𝑊
𝜕𝑥
,
𝜕𝑊
𝜕𝑦
,
𝜕𝑊
𝜕𝑧
] . (2.30) 
Figure 2.3 illustrates the relationship between 𝑔 and 𝑊. 
 
Figure 2.3: Relationship between the gravity and its potential (Vaníček, Kingdon & Santos 2012) 
The direction of 𝑔 is the vertical known as the plumb line, and its components are obtained from 
equations (2.2) and (2.19) 
𝜕𝑊
𝜕𝑥
= −𝐺∭
𝑥 − 𝜉
𝑙3
𝜌𝑑𝑣
𝑣
+ 𝜔3𝑥 
𝜕𝑊
𝜕𝑦
= −𝐺∭
𝑦− 𝜂
𝑙3
𝜌𝑑𝑣
𝑣
+ 𝜔3𝑦 
𝜕𝑊
𝜕𝑧
= −𝐺∭
𝑧 − 𝜍
𝑙3
𝜌𝑑𝑣
𝑣
 .               
(2.31) 
𝑔  has unit of acceleration (ms-2), but it can be also expressed in a unit called gal, in honour of Galileo 
Galilei 
1 gal    = 0.01 ms−2  (2.32) 
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1 mgal = 10 𝜇ms−2 . 
 
2.1.7. Normal Gravity 
The normal gravity vector is perpendicular to the level ellipsoid and is denoted by 𝛾. In analogy of 
equation (2.30), it is possible to establish that  
𝛾 = grad 𝑈 = ∇𝑈 = [
𝜕𝑈
𝜕𝑥
,
𝜕𝑈
𝜕𝑦
,
𝜕𝑈
𝜕𝑧
] . (2.33) 
According to Moritz (1980b), 𝛾 can be expressed by the rigorous close formula of Somigliana (1929) 
𝛾 =
𝑎 𝛾𝑒 cos
2𝜑 + 𝑏 𝛾𝑝 sin
2𝜑
√𝑎2 cos2𝜑 + 𝑏2 sin2𝜑
  (2.34) 
where  𝛾𝑒  and  𝛾𝑝 are the normal gravity values at the equator and poles respectively, 𝑎 and 𝑏 are 
the semi-major and semi-minor axes of the ellipsoid respectively, and 𝜑 is the latitude of the 
calculating point. 
 
2.2. Height System 
A height system is a “one-dimensional coordinate system used to define the metric distance of some 
points from a reference surface along a well-defined path” (Featherstone & Kuhn 2006, p. 22). The 
height systems can be classified into two principal groups: geometric height systems and physical 
height systems. The formers are not linked to the Earth’s gravity field, but the latter are associated 
with the Earth’s gravity field.  
Fluids are attracted by the gravity force of the Earth rather than height differences. Thus, the 
physical height system is used for describing the flow direction of fluids. There are many forms of 
physical height systems, depending on the treatment of gravity and the reference surface 
(Featherstone & Kuhn 2006). 
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2.2.1. Ellipsoidal Height 
The Global Positioning System (GPS) is a satellite-based navigation system developed by the U.S. 
Department of Defence (DoD) in the 1970s and designed to provide positioning and timing 
information everywhere on the Earth (El-Rabbany 2006). For a full description of GPS and its 
standards and techniques is recommended to refer to Seeber (2003). 
GPS has been used to provide precise Cartesian coordinates with respect to a terrestrial reference 
frame (Torge 2001), i.e. WGS-84. A Cartesian coordinate system (𝑥, 𝑦, 𝑧) can be transformed to a 
geodetic coordinate system (geodetic latitude 𝜑, geodetic longitude 𝜆 and ellipsoidal height ℎ) by 
applying closed-form formulas, provided the Cartesian coordinate system origin coincides exactly 
with the geometric centre of the ellipsoid used (Featherstone & Claessens 2008). In the case that 
coincidence between the coordinate system origin and the centre of the ellipsoid is not possible, 
other transformations methods can be applied. 
An ellipsoidal height is “measured positively from the surface of the reference ellipsoid to the point 
of interest along the (straight) ellipsoidal normal” (Featherstone 1998, p. 274). Thus, ellipsoidal 
heights are defined separately from the Earth’s gravity field, hence they have no physical meaning 
(Featherstone, Dentith & Kirby 1998). 
According to El-Rabbany (2006) GPS-determined ellipsoidal heights are affected by several types of 
errors such as:  
a. GPS ephemeris error 
The orbits of the GPS satellites are affected by the attract forces from the Earth, the Moon 
and the Sun (Seeber 2003). An ephemeris error for a certain satellite will be identical to all 
GPS users worldwide. The ephemeris error is in the order of 1.6 metres (El-Rabbany 2006). 
Differencing the observations of two receivers simultaneously tracking the same satellite at 
the same epoch cannot completely remove the ephemeris error since the effect of this error 
is dependent on the distance between the two receivers. When the distance is short 
enough, the ephemeris error effects at both locations are similar, and thus the error effects 
can be largely mitigated by differencing the observations. This is why short baselines are 
adopted if possible (El-Rabbany 2006). Table 2.1 gives maximum orbits error admissible for a 
1-cm error in various baseline lengths. 
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Table 2.1: Orbit errors admissible for 1-cm baseline errors (Seeber 2003). 
 
Baseline length [km] Admissible orbit error [m] 
0.10 2,500.00 
1.00 250.00 
10.00 25.00 
100.00 2.50 
1,000.00 0.25 
 
b. Multipath error 
Multipath error occurs when GPS signals are reflected on nearby reflecting objects, and 
therefore, arrive to the GPS antenna through different paths (El-Rabbany 2006). Multipath 
can cause errors in ellipsoidal heights up to a few metres (Featherstone, Dentith & Kirby 
1998). This effect can be minimized by observing GPS satellites over a long period of time 
and by measuring on sites with no reflecting objects next to the antenna, although in many 
cases is very difficult to be satisfied (Seeber 2003). 
c. Antenna phase centre variation 
The specific point of the GPS antenna where the GPS signal is received is called electrical 
phase centre. The electrical phase centre varies within the antenna, depending on the 
elevation and the azimuth of each GPS satellite with respect to the GPS antenna while an 
observation is made. This effect causes variations in the antenna centre of several 
millimetres to centimetres. To avoid this error effect, it is recommended to use calibrated 
GPS antennae and to orient them to the same north direction (Seeber 2003). 
d. Ionospheric delay 
The ionosphere is the region of the upper atmosphere located between 50 km and 1,000 km 
above the surface of the Earth (Seeber 2003). It causes propagation delay of the GPS signal 
when passing through this region (El-Rabbany 2006). There are two types of GPS receivers: 
single-frequency and dual-frequency. Using a linear combination of dual-frequency GPS 
observations from two receivers simultaneously observing two satellites, the so-called 
ionosphere-free combination, the ionospheric effect can be mitigated for short baselines (El-
Rabbany 2006). 
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e. Tropospheric delay 
The troposphere is the region of the atmosphere that extends up to 50 km above the surface 
of the Earth (El-Rabbany 2006). It causes a propagation delay in the GPS signals as a result of 
water vapour in the atmosphere and the tropospheric refraction (Seeber 2003). The 
tropospheric propagation delay of the GPS signal is critical for calculating accurate ellipsoidal 
heights since the tropospheric parameters are poorly correlated over long distances. Unlike 
the ionospheric delay, the tropospheric delay is independent of the frequency, so it cannot 
be removed. However it can be calculated through tropospheric models, but the results are 
not very accurate (Seeber 2003).  
f. Satellite geometry measures 
One of the most important factors that affect GPS positioning results is the geometric 
configuration of the GPS satellites observed (Seeber 2003). This geometry is measured by a 
scalar quantity called dilution of precision (DOP). In order to obtain precise positioning 
results, it is important to conduct data collection when the geometric configuration of the 
satellites has a low value of DOP. 
Table 2.2 summarises the magnitudes of each of the individual GPS error sources that contributes to 
dilute the ellipsoidal height accuracy in a single range observation (Seeber 2003). 
Table 2.2: Main errors in a single range GPS observation 
 
Error source RMS of range errors 
Satellite  
- orbit 1 – 2 m 
- clock 1 – 2 m 
  
Signal propagation  
- ionosphere (2 frequencies) cm – dm 
- ionosphere (model) 1 – 2 m 
- troposphere (model) dm 
- multipath 1 – 2 m 
  
Receiver  
- observation noise 0.2 – 1 m 
- antenna phase centre mm - cm 
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Nevertheless, combining an appropriate measurement strategy and an effective GPS processing 
software tool, allows users to obtain millimetre-accuracy ellipsoidal heights from GPS observations 
(Alber et al. 1997). 
 
2.2.2. Levelling Height 
In spirit levelling, “differences in height are determined using horizontal lines of sight between 
points in close proximity to each other” (Torge 2001, p. 206). The levelling procedure is conducted 
with an instrument called optical level (Figure 2.4) and two vertical graduated rods (Figure 2.5). 
 
 
 
Figure 2.4: Optical level 
(Source: http://www.speedyservices.com) 
 
Figure 2.5: Levelling rods 
(Source: http://www.northerntool.com) 
The height difference 𝛿𝐻𝐴𝐵 between two points 𝐴 and 𝐵 is calculated using the following formula 
from two readings 𝑙1 and 𝑙2 on the levelling rods (Figure 2.6): 
𝛿𝐻𝐴𝐵 = 𝑙2 − 𝑙1 (2.35) 
If point 𝐴 is a tide gauge, then the result of equation (2.35) is the height of point 𝐵 over the MSL.  
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Figure 2.6: Spirit levelling (Hofmann-Wellenhof & Moritz 2006) 
The height difference over a long distance is obtained by summing all individual spirit-levelling 
results expressed in equation (2.35): 
∆𝐻1,2 =∑𝛿𝐻𝑖
2
1
 (2.36) 
where 1 and 2 denote two ending points far away from each other, ∆𝐻1,2 is the height difference 
between the two points and 𝛿𝐻𝑖 represents each of the consecutive height differences. 
Circular bubble levels and automatic compensators are used to set-up the optical level and the rods 
in order to align the instruments with the direction of the local plumb line. The local plumb line 
coincides with the local gravity vector (Section 2.1.6), which is perpendicular to the geopotential 
surface (Featherstone & Kuhn 2006). 
In a closed loop of levelling measurements (Figure 2.7), the sum of all the consecutive height 
differences 𝛿𝐻𝑖  from equation (2.36) is usually not equal to zero, depending on the levelling route 
(Heiskanen & Moritz 1967). This is due to the non-parallelism of the level or geopotential surfaces 
(Figure 2.8). Since the optical level and the rods are always aligned with the direction of the local 
gravity, consecutive height differences observed in different places may use slightly different vertical 
alignments. These variations of vertical alignments will accumulate, resulting in the misclosure of the 
levelling loop (Featherstone & Kuhn 2006). 
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Figure 2.7: Two different levelling routes connecting A and 
B may not have the same height difference (Hofmann-
Wellenhof & Moritz 2006) 
 
Figure 2.8: Level surfaces and plumb lines (Hofmann-
Wellenhof & Moritz 2006) 
 
2.2.3. Geopotential Number 
“Strictly [speaking], all natural or physical height systems must be based on geopotential numbers” 
(Featherstone & Kuhn 2006, p. 25). A geopotential number is the difference in potential units (i.e. 
m2s-2) between the geopotential surface of the Earth and a geopotential surface of interest, and it 
can be expressed by 
𝑊0 −𝑊𝑃 = 𝐶𝑃 (2.37) 
where 𝑊0 represents the geopotential reference surface, i.e. geoid, 𝑊𝑃 denotes the level surface 
that contains a point 𝑃, and 𝐶𝑃 is the geopotential number of 𝑃 with respect to 𝑊0. 
The surface of a constant gravity potential 𝑊 is called equipotential or level surfaces (Heiskanen & 
Moritz 1967), i.e. 
𝑊 = 𝑊(𝑥, 𝑦, 𝑧) = constant . (2.38) 
The differentiation of 𝑊 is given by 
𝑑𝑊 = grad 𝑊 ∙ 𝑑𝑋 = 𝑔 ∙ 𝑑𝑋 (2.39) 
where 
𝑑𝑋 = [𝑑𝑥, 𝑑𝑦, 𝑑𝑧] . (2.40) 
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When 𝑑𝑋 is a route along the equipotential surface 𝑊, then  
𝑔 ∙ 𝑑𝑋 = 0 . (2.41) 
This means that the gravity vector 𝑔 is orthogonal to the equipotential surface 𝑊 at all times. 
However, it is important to note that although the plumb lines intersect orthogonally with all the 
equipotential surfaces, they are not straight lines but slightly curved, and the gravity vector 𝑔 is 
tangent to the plumb line at any point (Figure 2.9) (Heiskanen & Moritz 1967). Then, the 
geopotential number 𝐶𝑃 can be obtained by integrating the gravity along the plumb line that 
connects P to the geoid (Figure 2.10) 
𝐶𝑃 = 𝑊0 −∫ 𝑔 𝑑ℎ
𝐻
0
 (2.42) 
where 𝐻 is the distance from 𝑊0 to 𝑃 along the plumb line, 𝑑ℎ is the infinitesimal height element 
and 𝑔 is the gravity measured along the plumb line. It is noted that the potential difference between 
two geopotential surfaces is independent of the integration path. Then, for a loop of height 
differences 
∮𝑔 𝑑ℎ = 0 . (2.43) 
 
 
Figure 2.9: Two different levelling lines 
connecting A and B may not have the 
same height difference (Hofmann-
Wellenhof & Moritz 2006) 
 
 
 
 
Figure 2.10: Level surfaces and plumb  
lines (Hofmann-Wellenhof & Moritz 2006) 
In practice, the continuous function 𝑔 is replaced with a series of small discrete components so that 
the integral can be approximated by a summation. In this way, the geopotential number of point 𝐵 
with respect to a given geopotential reference 𝑊𝐴 is determined using spirit-levelling and gravity 
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observations, by summing the multiplication between height differences 𝛿𝐻𝑖 from equation (2.36) 
and the average of the observed gravity on two consecutive levelled points (see Figure 2.11) 
𝐶𝐵 = 𝑊𝐴 −𝑊𝐵 =∑𝑔𝑚𝑒𝑎𝑛 𝛿𝐻𝑖
𝐵
𝐴
 . (2.44) 
 
Figure 2.11: Calculation of a geopotential number at a  point on the 
 surface of the Earth (Hofmann-Wellenhof & Moritz 2006) 
 
2.2.4. Orthometric Height 
The orthometric height (𝐻) is “the curved-line distance reckoned along the plumb line (field-line of 
the Earth’s gravity field) from the geoid to the point of interest” (Featherstone & Kuhn 2006, pp. 26-
7) and according to Heiskanen and Moritz (1967). It is given by  
𝐻 =
𝐶
𝑔
 (2.45) 
where 𝑔 is the mean value of the gravity along the plumb line 
𝑔 =
1
𝐻
 ∫ 𝑔(ℎ) 𝑑ℎ
𝐻
0
 (2.46) 
and 𝑔(ℎ) is the gravity of a point inside the Earth that has a height value 𝐻 with respect to the 
geoid.  
The determination of 𝑔 by equation (2.46) is not straightforward, as it requires the mass density 
distribution and all 𝑔 values along the plumb line. Several approaches and approximations to 
computing orthometric heights have been developed. One of the most popular approaches was 
developed by Helmert (1890). It was based on the simplified Poncairé-Prey reduction (Heiskanen & 
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Moritz 1967) and the reduction resulted from Bruns’ equation (Bruns 1878), also known as the 
vertical gradient of gravity 
𝜕𝑔
𝜕𝐻
= −2𝑔 𝐽 + 4𝜋𝐺𝜌 − 2𝜔2 (2.47) 
where 𝑔 is the gravity, 𝐻 is the orthometric height, 𝐽 is the mean curvature of the equipotential 
surface, 𝐺 is the gravitation constant of the Earth, 𝜌 is the mass density of the Earth and 𝜔 is the 
angular velocity of the Earth. 
To obtain orthometric heights, Earth’s surface gravities need to be reduced to the geoid. Let 𝑔 be 
the gravity of point 𝑃 measured on the surface of the Earth and 𝑔0 be the gravity of its 
corresponding point 𝑃0 on the geoid (Figure 2.12), then 𝑔0 can be expressed as a Taylor expansion 
(Heiskanen & Moritz 1967) 
𝑔0 = 𝑔 −
𝜕𝑔
𝜕𝐻
𝐻… (2.48) 
where the term −
𝜕𝑔
𝜕𝐻
𝐻 is known as the free-air reduction (𝛿𝑔𝐹𝐴) to the geoid. It is assumed that 
there are no masses above the geoid. 
 
Figure 2.12: Reduction of the gravity to the geoid 
(Hofmann-Wellenhof & Moritz 2006) 
 
 
Figure 2.13: Bouguer plate correction to observed gravity 
(Hofmann-Wellenhof & Moritz 2006) 
For practical purposes, the following approximation is used 
𝛿𝑔𝐹𝐴 = −
𝜕𝑔
𝜕𝐻
𝐻 ≅ −
𝜕𝛾
𝜕ℎ
𝐻 ≅  + 0.3086 𝐻 [mgal] (2.49) 
where 𝜕𝛾/𝜕ℎ is the normal gradient of gravity referred to the ellipsoid, which slightly differs from 
the vertical gradient of gravity referred to the geoid (see Section 2.2.5) (Heiskanen & Moritz 1967). 
Subsequently, it is required to remove all the masses above the geoid. Thus, another reduction to 
the gravity measured on the surface of the Earth, called Bouguer reduction (see Figure 2.13) 
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(Heiskanen & Moritz 1967), needs to be performed. This reduction assumes a round, flat and 
horizontal plate around the point where the gravity is measured. The Bouguer reduction, which is 
derived from equation (2.11), determines the potential 𝑉 of a circular cylinder of infinite radius by 
introducing a polar coordinate system and it is given by (Heiskanen & Moritz 1967) 
𝛿𝑔𝐵 = 2𝜋𝐺𝜌𝐻 . (2.50) 
When a standard density of 2.67 g cm-3 is taken, 𝛿𝑔𝐵 becomes 
𝛿𝑔𝐵 = 0.1119 𝐻 [mgal] . (2.51) 
For calculating 𝑔 in equation (2.46) by making an approximation, the following three steps must be 
performed (Heiskanen & Moritz 1967): 
1. Remove all masses above the geoid and subtract their attraction from the observed gravity 
𝑔; 
2. Apply the free-air correction using equation (2.49); and 
3. Restore the masses removed in Step 1. 
After Step 2 is performed, the corrected gravity is given by (Heiskanen & Moritz 1967) 
𝑔
  Helmert
= 𝑔 − (
1
2
𝜕𝛾
𝜕ℎ
+ 2𝜋𝐺𝜌)𝐻 = 𝑔 + 0.0424 𝐻 . (2.52) 
Then the orthometric height is 
𝐻  Helmert =
𝐶
𝑔
  Helmert
= 
𝐶
𝑔 + 0.0424 𝐻
 (2.53) 
where 𝐶 is the geopotential number. 
Helmert’s approach can be refined by considering the effect of the topography on the Bouguer plate 
(Figure 2.14). This refinement is called classical terrain correction or topographic correction (𝐶𝑇) and 
it is always positively signed (Mader 1954). A linear approximation of this correction is presented by 
Moritz (1968): 
𝐶𝑇 =
𝐺𝜌
2
∬
(𝐻 − 𝐻𝑃)
2
𝑙3
𝜎
𝑑𝜎 (2.54) 
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where 𝐻 is the orthometric height of the point for which 𝐶𝑇 is calculated, 𝐻𝑃 is the height of a roving 
point 𝑃 for integration, 𝑑𝜎 is the infinitesimal surface element, and 𝑙 is the planar distance from 𝑃. 
This correction will be explained in detail in Section 3.3.  
 
Figure 2.14: Classical terrain correction used to reduce  
gravity observations (Hofmann-Wellenhof & Moritz 2006) 
Finally, Mader’s (1954) approach is used to expressed 𝑔 
𝑔
  Mader
= 𝑔 − (
1
2
𝜕𝛾
𝜕ℎ
+ 2𝜋𝐺𝜌)𝐻 +
𝐶𝑇
2
= 𝑔 + 0.0424 𝐻 +
𝐶𝑇
2
 , (2.55) 
and the refined orthometric height is given by 
𝐻  Mader =
𝐶
𝑔
  Mader
=
𝐶
𝑔 + 0.0424 𝐻 +
𝐶𝑇
2
  . 
(2.56) 
 
2.2.5. Normal Height 
In 1945, Molodesky introduced a new concept called a normal height system that avoided the 
determination of the gravity field inside the topography or the Earth’s density by replacing the 
Earth’s surface with another surface called telluroid (Figure 2.15), which are separated by a value 
called quasigeoidal height and usually noted 𝜁, using a reference ellipsoid for the calculation of the 
gravity field (Featherstone & Kuhn 2006). 
Due to the fact that normal height is referred to the surface called quasigeoid, the determination of 
the geoid for height computation is not required (Vaníček, Kingdon & Santos 2012). However, the 
quasigeoid is not a level surface, so it does not have a physical meaning (Heiskanen & Moritz 1967).  
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Figure 2.15: Relationship between quasigeoid, geoid and ellipsoid (Vaníček, Kingdon & Santos 2012) 
Heiskanen and Moritz (1967) defined the normal height by 
𝐻𝑁 =
𝐶
𝛾
 (2.57) 
where 𝛾 is the normal gravity along the plumb line and is given by 
𝛾 =
1
𝐻𝑁
 ∫ 𝛾(ℎ) 𝑑ℎ
𝐻𝑁
0
 (2.58) 
where 𝛾(ℎ) is the normal gravity of a point inside the Earth that has a height value ℎ with respect to 
the ellipsoid. According to Heiskanen and Moritz (1967), the integral can be solved straightforward 
using the following series expansion 
𝛾 = 𝛾 [1 − (1 + 𝑓 +𝑚 + 2𝑓 sin2𝜑)
(𝐻𝑁)2
𝑎
+
(𝐻𝑁)2
𝑎2
] (2.59) 
where 𝑓 is the flattening of the ellipsoid, 𝛾 is the normal gravity from equation (2.34) and 𝑚 comes 
from Clairaut’s theorem 
𝑚 ≅
𝜔2𝑎
𝛾𝑒
=
centrigufal force at equator
normal gravity at equator
 . (2.60) 
 
2.3. Vertical Datum 
The vertical datum can be defined as the “coordinate surface to which heights, taken as vertical 
coordinates of points, are referred” (Vanicek 1991, p. 83). In order to establish a national or regional 
spirit-levelling network, worldwide mapping and geodesy agencies usually accomplish the following 
steps (Featherstone & Kuhn 2006): 
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1. Select an appropriate height system and apply the appropriate corrections to spirit-levelling 
observations; 
2. Define at least one vertical reference point (i.e. height or geopotential number of a levelling 
benchmark) before performing a least-square adjustment for the network. This reference 
point defines the so-called choice of a vertical datum of the network (Rummel & Teunissen 
1988). Thus, all the heights (or potential values) of the levelling network will be referred to 
the desired vertical datum; and 
3. Perform a least-square adjustment to the observed height differences. If possible, the 
adjustment should be performed with geopotential numbers. The network adjustment can 
minimise the random errors in the observations. 
It is possible to identify three types of vertical reference surfaces in geodesy depending on the 
selected height system (see Section 2.2): the geoid (as the reference surface for orthometric 
heights), quasigeoid (as the reference surface for normal heights) and ellipsoid (as the reference 
surface for ellipsoidal heights). 
Due to the fact that the geoid is a level surface described by the Earth’s gravity field and that the 
geoid concept is “intuitively understood by everyone” (Vanicek 1991, p. 83), it has become the near-
universal choice of a vertical datum. However, there are an infinite number of level surfaces of the 
Earth’s gravity field, and therefore, it is required to identify which one will be used as the vertical 
reference surface. There are two practical alternatives to assess the vertical datum of a levelling 
network: 
1. Abstract alternative, in which a constant value of the Earth’s gravity potential (e.g. 𝑊0) is 
arbitrarily specified; and 
2. Geometric alternative, in which the reference surface (e.g. geoid) is approximated in a 
specific way to the MSL. 
Most countries or regions have chosen the second alternative, and therefore, their vertical datums 
were defined by averaging tide gauges sea level observations. In the past decades, the local MSL was 
assumed to coincide with the geoid (Sansò & Sideris 2013). However, nowadays it is well known that 
differences between the local MSL and the geoid of approximately two metres can be reached (Rapp 
& Balasubramania 1992). This difference is caused by the sea dynamics and other meteorological 
processes, such as wind blows and ocean currents (Vanicek 1991), and it is called sea-surface 
topography (SST). 
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The SST can be decomposed into a permanent (or quasi-permanent) part, which is constant within 
the time period of consideration, and a periodical (or time-dependent) variation (Heck & Rummel 
1990). Most of the periodical variations can be averaged and estimated using appropriate filters. 
However, those variations that are not cyclical “must be considered for the computation of SST at 
the epoch for which the mean sea level is computed” (Balasubramania 1994, p. 1).  
The fact that SST varies temporally and spatially leads to the concept of an epoch-dependent datum, 
which is established “by taking tide gauge readings at one or more tide gauge stations over a 
particular time span and reducing these measurements to a specific epoch within the time interval” 
(Balasubramania 1994, p. 1). However, this theory has not been put into practice yet, and therefore, 
most of the vertical datums currently adopted are based on the determination of the local MSL for 
different epochs and using different procedures.  
 
2.3.1. Local Vertical Datum (LVD) 
According to Sansò and Sideris (2013), to define the heigth of a benchmark with respect to the local 
MSL, the following steps need to be carried out (Figure 2.16).  
1. A tide gauge must continuously record the instantaneous sea level height observations 
(𝐻𝐼𝑆𝐿);  
2. All the 𝐻𝐼𝑆𝐿  values from a certain period of time are averaged in order to obtain the local 
MSL (𝐻𝑀𝑆𝐿); 
3. The height of the benchmark is measured with respect to the tide gauge (∆𝐻𝑟𝑒𝑓−𝑇𝐺); and 
4. The height of the benchmark (𝐻𝑟𝑒𝑓) is calculated by 
𝐻𝑟𝑒𝑓 = 𝐻𝑀𝑆𝐿 − ∆𝐻𝑟𝑒𝑓−𝑇𝐺  . (2.61) 
Due to the high correlation between the tides and the Earth’s nutation, which requires 18.6 years to 
complete a full cycle (Melchior 1983), the tide gauge’s observations should be averaged for at least 
18.6 years for obtaining the local MSL value. However, it should be noted that the effect of the local 
SST is not neglected in equation (2.61), even after all the time-dependant variables such as waves, 
tidal effects, atmospheric pressure, winds, ocean currents, temperature and salinity of water have 
been corrected (Torge 2001). 
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Figure 2.16: Establishment of a reference benchmark height (Sansò & Sideris 2013) 
According to Pugh (1996), it is a normal practice for national agencies related to the sea-level 
monitoring to calculate monthly and annual MSLs from hourly-rate sea-level observations. Several 
ways can be used for determining the average MSL, as well as eliminating the short term variations 
generated by tides and surges. The main procedures used to determine the MSL are the following: 
 The arithmetic mean value is the simplest way for computing the MSL. Hourly sea-level 
values observed during a month are add together and divided by the number of hours in the 
month. The annual sea level can be obtained from a weighted average of the monthly sea 
levels, based on the number of days in each month.  
 The low-pass filtered mean value method is used to avoid the high-frequency sea level 
variations during short periods of time from the averaging process. By applying a low-pass 
numerical filter to the tide gauge hourly readings, smoothed daily values are obtained for 
the calculation of the monthly average. 
 The mean-tide level technique consists in averaging all high and low sea levels during a 
specified period of time. This technique does not give the MSL as a result of the influence of 
the shallow-water tidal harmonics. 
 
2.3.2. Global Vertical Datum (GVD) 
Due to the existence of SST and local particularities within datum definition procedures, there are 
more than 300 LVD in the world (Balasubramania 1994). Spirit-levelling networks connected to 
different vertical datums are then referred to different equipotential surfaces (Heck & Rummel 
1990). The definition of a global vertical datum (GVD) referred to a unique global equipotential 
surface (e.g. the global geoid) has great significance, such as (Balasubramania 1994; Heck & Rummel 
1990): 
Page 35 Gravity Field, Vertical Datum and Height System 
 
a. Monitoring sea level changes on various time and space scales would help to understand the 
fluctuations of the sea level, climate interactions and consequences of sea level rise in 
coastal regions; 
b. Generating a global system of calibrated points for future satellite altimetry and gravimetric 
missions; 
c. Providing an alternative to LVDs, which may have systematic biases between the spirit-
levelling datasets from different regions and national gravity data centres; 
d. Providing an alternative to the determination of sea surface slopes over large distances (e.g. 
different continents); and 
e. Providing a better understanding of physical heights globally and contributing to their 
determination using GPS. 
According to Balasubramania (1994), there are basically two issues involved in the GVD 
development: the connection of existing LVD and the definition of a GVD (i.e. 𝑊0) independent of 
any particular regional vertical datum. During the last decades, several researchers developed 
approaches focusing on the vertical datum connection between different continents or LVD, such as 
Colombo (1980), Rapp (1983), Rummel and Teunissen (1988), Heck and Rummel (1990), Peiliang and 
Rummel (1991), Balasubramania (1994) and Nahavandchi and Sjöberg (1998). 
However, in the wake of new and advanced geodetic-satellite missions, a novel conception of GVDs 
has arisen. Modern GVDs should support the combination of precise geometrical and physical 
reference systems. The geometrical component is given by a reference ellipsoid and ellipsoidal 
heights, while the physical component is given by a geoid or a quasigeoid and geopotential numbers. 
The combination of both can be done by a reference ellipsoid (e.g. GRS80) defined and determined 
using data from satellite-gravity (e.g. GRACE and GOCE) and -altimetry missions (e.g. TOPEX, Jason 
and Cryosat). These procedures mainly define a global vertical reference level that corresponds to a 
reference surface of the Earth’s gravity field with the potential value 𝑊0 = constant, and they were 
described in detail by Sacerdote and Sansò (2004), Sánchez (2007), Sánchez (2009) and Sánchez 
(2012). It should be noted that due to the fact that many techniques are used together to define the 
potential value 𝑊0, it is required that all the measurements are referred to the same tidal system. 
The tidal system concept will be described in the next section. 
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2.3.3. Earth Tides 
“The phenomenon of Earth tides consists of an elastic deformation of the terrestrial globe caused by 
the gravitational action of the Moon and Sun” (Melchior 1974, p. 275). The tidal deformation 
consists of two parts: permanent and periodic (Ekman 1989). The first part is latitude-dependent 
(and to a lesser extent in the height), while the second part is time-dependent (e.g. diurnal and 
semidiurnal variations).  
Tidal attraction acts in a direct and indirect way. The direct effect disturbs some physical quantities 
of the Earth (e.g. the potential, gravity and shape of equipotential surfaces). It can be estimated 
using information (e.g. masses and positions) from various celestial bodies (e.g. the Moon and Sun) 
(Rapp et al. 1991). This effect also deforms the elastic Earth, and therefore, causes the indirect 
effect, which can be obtained using some non-dimensional parameters of the elastic properties of 
the Earth (e.g. Love and Shilda numbers). 
According to Melchior (1974), the variations and amplitudes of tides may be calculated from a model 
using the ephemeris and masses of celestial bodies or by expanding the tidal potential into spherical 
harmonics, and measured by relative or absolute gravimeters. Figure 2.17 shows the difference 
between a series of gravity observations (𝑔𝑖) collected with an absolute gravimeter over 36 hours on 
a single site, and a solid Earth tide model for the same period. It can be noticed that the 𝑔𝑖 series 
perfectly agrees with the model-derived Earth tide. 
 
Figure 2.17: Gravity data measured over a 36 hours period (dots) compared  
with a solid Earth tide model (curve) (Altin et al. 2013) 
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Earth tidal models should be considered in geodesy in order to obtain a correct reading of the 
gravity at a site located on the surface of the Earth since tidal gravity variations on some places may 
exceed 250 µgal (Heikkinen 1979). Depending on the model applied, three tide systems are defined 
(Ekman 1989): 
 the tide-free or non-tidal system, all tidal effects are removed, which corresponds to 
“physically removing the Sun and the Moon to inﬁnity” (Mäkinen & Ihde 2009, p. 81); 
 the mean-tide system, the periodic tidal deformation is removed but the permanent 
deformations (both direct and indirect) are kept, which reflects a “system in the presence of 
the constant effects of the Sun and the Moon” (Rapp et al. 1991, p. 3); and 
 the zero-tide system, the direct effects associated to permanent tidal deformations are 
removed, but the indirect effects are kept, thus “the gravity ﬁeld is generated only by the 
masses of the Earth (plus the centrifugal force)” (Mäkinen & Ihde 2009, p. 81).  
Moreover, due to the fact that many other geodetic quantities (e.g. physical heights and geoid 
undulations) are based on gravity observations, they will also be affected by the selected tidal 
system. The current practice in modern geodesy for selecting tidal a system is the following 
(Mäkinen & Ihde 2009): 
 In 3-D positioning (i.e. GPS and GNSS), the tide-free is normally used (e.g. ITRF); 
 In gravimetry, the zero-tide has been applied in gravity surveys since 1988 when it was 
adopted as a data processing standard by the International Absolute Gravity Basestation 
Network (IAGBN), even though some national and international gravity networks, which are 
referred to the mean-tidal system (e.g. IGSN71); 
 In GGM determination, the tide-free (e.g. EGM96) and zero-tide (e.g. EGM2008) are usually 
applied; 
 In geoid modelling, most of the geoids inherited the tidal system from the GGMs that were 
used as the gravity reference. However, nowadays geoids are usually computed with zero-
tide; 
 In national height system determinations, typically the mean-tide has been used (not by 
design) since most countries have not applied any tidal correction to the gravity readings; 
and 
 In global height system determinations, zero-tide is required by definition. 
The main disadvantage of the mean-tidal system is that it avoids the application of Stokes’ formula 
since all the masses outside the Earth are not removed, and therefore, its resultant gravity field is 
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not harmonic. On the other hand, the main problem about using the non-tidal system is that it 
modifies the shape of the Earth significantly, as a result, its rotational velocity corresponds to 
shortening the day by 5 ms (Ekman 1989). Finally, Mäkinen and Ihde (2009, p. 85) indicated that the 
main issue on the tide-free system is that the Love numbers, which are required for the system 
determination, “are not known or cannot be known well enough”. 
During the XVIII General Assembly of the IUGG, held in Hamburg in 1983, “the need for the uniform 
treatment of tidal corrections for various geodetic quantities such as gravity and station positions” 
(Tscherning 1984) was recognized and the zero-tidal system for gravity field quantities was 
recommended. Regarding 3-D positioning, despite the recommendations given by the International 
Earth Rotation and Reference Systems Service (IERS) in 1992 for adopting the mean-tidal system (the 
mean and zero crusts are the same) (McCarthy 1992), the tide-free is still in use globally. The IERS’s 
recommendations were strongly opposed by 3-D positioning users since it would have abruptly 
changed the coordinates of the stations by at least 0.1 m (Mäkinen & Ihde 2009). 
According to Ekman (1989), the treatment of the permanent tides  must be taken into account in the 
following cases: comparison of different height or gravity systems (e.g. two neighbour countries), 
computation of land uplift from spirit levelling, study of SST, comparison of GPS heights with spirit-
levelled heights, and computation of geoid heights using Stokes’ formula. Due to the fact that a 
unique tidal system is required when working with various types of observations (e.g. spirit levelling, 
gravimetry and GPS/GNSS), three equations are presented in order to transform gravity observations 
between the three tide systems (Ekman 1989): 
𝑔𝑚 − 𝑔𝑧 = −30.4 + 91.2 sin
2𝜑  [μgal] 
 𝑔𝑧 − 𝑔𝑛 = (𝛿 − 1)(−30.4 + 91.2 sin
2𝜑)  [μgal] 
𝑔𝑚 − 𝑔𝑛 = 𝛿 (−30.4 + 91.2 sin
2𝜑)  [μgal] 
(2.62) 
where 𝑔𝑚, 𝑔𝑧 and 𝑔𝑛 are the mean-tide, zero-tide and non-tidal gravities respectively, and 𝛿 is the 
so-called tidal gravimetric factor, defined as “the Earth transfer function between the tidal force 
along the vertical and the tidal gravity changes measured by a gravimeter” (Dehant & Ducarme 
1987, p. 98). Therefore, 𝛿 depends on the rigidity or fluidity of the selected Earth (e.g. if a rigid Earth 
is considered then 𝛿 = 1, if no indirect oceanic effects are considered then 𝛿 = 1.16, and if a ﬂuid 
body with Earth’s density is considered then 𝛿 = 1.53).  
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Moreover, the tidal relationships between heights are the following (Ekman 1989): 
Δ𝐻𝑚 − Δ𝐻𝑧 = 29.6 (sin
2𝜑𝑁 − sin
2𝜑𝑆)  [cm] 
 Δ𝐻𝑧 − Δ𝐻𝑛 = 29.6 (𝛾 − 1)(sin
2𝜑𝑁 − sin
2𝜑𝑆)  [cm] 
Δ𝐻𝑚 − Δ𝐻𝑛 = 29.6 𝛾 (−30.4 + 91.2 sin
2𝜑)  [cm] 
(2.63) 
where Δ𝐻𝑚, Δ𝐻𝑧 and Δ𝐻𝑛 are the heights with respect to the mean-tide, zero-tide and non-tidal 
geoid respectively; 𝜑𝑁 and 𝜑𝑆 are the latitudes of the northern and southern spirit-levelling 
benchmarks respectively; and 𝛾 notes the direct gravitational attraction (e.g. if a rigid Earth is 
considered then 𝛾 = 0).  
Finally, the tidal relationships between geoid undulations are the following (Ekman 1989): 
𝑁𝑚 −𝑁𝑧 = 9.9 − 29.6 sin
2𝜑  [cm] 
 𝑁𝑧 −𝑁𝑛 = 𝑘 (9.9 − 29.6 sin
2𝜑)  [cm] 
𝑁𝑚 −𝑁𝑛 = (1 + 𝑘) (9.9 − 29.6 sin
2𝜑)  [cm] 
(2.64) 
where 𝑁𝑚, 𝑁𝑧 and 𝑁𝑛 are the mean-tide, zero-tide and non-tidal geoid undulations respectively, and 
𝑘 the potential Love number (e.g. if a rigid Earth is considered then 𝑘 = 0, if a uniform density ﬂuid 
Earth is considered then 𝑘 = 1.5, and if a ﬂuid body with Earth’s density is considered then 𝑘 =
0.94). 
 
2.4. Argentinean Vertical Datum, Height System and Gravity System 
2.4.1. History of the Argentinean Vertical Datum and Height System 
The mainland Argentinean vertical datum was established in 1923 by determining the local MSL at 
the Mar del Plata tide gauge (D'Onofrio et al. 1999). During the same decade, the first precise 
levelling lines were constructed along the main routes (Figure 2.18) and measured by the Instituto 
Geográfico Militar (IGM) – Military Geographic Institute of Argentina – (Instituto Geográfico Militar 
1980).  
The surveying procedure used was called two-way or double spirit levelling (Torge 2001). It was 
conducted with plane parallel plate micrometre levels together with invar rods, which ensured that 
the error of the levelling procedure did not exceed 
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𝑚 = ±0.3 [mm] √𝐿[km] (2.65) 
where L is the levelled distance (D'Onofrio et al. 1999). 
Benchmarks were constructed every three kilometres until 1981. Then, the distance increased to six 
and nine kilometres, depending on the topography of the terrain (D'Onofrio et al. 1999), to reduce 
the cost of the campaigns. Currently, the first-order levelling network is composed of 397 two-way 
levelling lines (Figure 2.19) consisting of more than 16,000 benchmarks. 
 
Figure 2.18: Argentine’s first-order levelling network 
established in 1923 (Instituto Geográfico Militar 1980) 
 
Figure 2.19: Current Argentine’s first-order levelling 
network (Instituto Geográfico Nacional 2014b) 
The first adjustment of the Argentinean spirit-levelling network was performed between 1969 and 
1971 in the U.S. by Army Topographic Command (USATC). Around 54,000 kilometres of the first- and 
second-order levelling lines (Figure 2.20) were adjusted using the least-square estimation method. 
Orthometric heights were obtained using theoretical gravity, since there were not enough gravity 
observations over the levelling benchmarks at that time (D'Onofrio et al. 1999). The adjustment of 
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the levelling lines measured after 1969 was done by the IGM. The lines were adjusted to the initial 
network without using any gravity observations. 
The last adjustment of the 59,000 kilometres of the first-order levelling lines (Figure 2.21) was 
performed by the IGN in 2013 (Piñón, Guagni & Cimbaro 2014). Mader orthometric heights for 
approximately 17,000 first-order levelling benchmarks were obtained after the least-square 
adjustment of the geopotential differences between 250 nodes of the network. The 1923 Mar del 
Plata tide gauge observations were used once again to define the vertical reference (𝑊0) for 
mainland Argentina while the historic Ushuaia tide gauge observations were applied to determine 
the vertical datum on Tierra del Fuego Island. 
 
Figure 2.20: First adjustment of Argentine’s first-order 
levelling network performed in 1969 (Instituto Geográfico 
Nacional 2014b) 
 
Figure 2.21: Last adjustment of Argentine’s first-order 
levelling network performed in 2013 (Instituto Geográfico 
Nacional 2014b) 
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2.4.2. History of the Argentinean Gravity System 
In 1900, at the XIII Conference of the International Association of Geodesy (IAG) held in Paris, the 
first international gravity system, called Vienna Gravity System, was adopted by the IAG (Torge 
1996). The gravimetric observations that led to the new system were collected with reversible 
pendulums and the relative accuracy of the estimated gravity was ± 10 mgal (Morelli et al. 1972). 
In 1909, during a meeting of the IAG in London, a new gravimetric system that replaced the Vienna 
datum was established (Torge 1996). It was called Potsdam Gravity System (Borrass 1909), and was 
based on reversible pendulum observations collected during the period 1898 – 1904 by the Geodetic 
Institute of Potsdam (Torge 2001). 
During the 1930s and 1940s many researchers regarded the Potsdam gravity value too large (Dryden 
1942). Although the relative accuracy of the Potsdam system was estimated to be within ± 3 mgal, 
various research indicated that there was an error of about + 12 to + 16 mgal in the gravity value 
(Morelli et al. 1972; Torge 2001).  
In 1935, Professor F.A. Vening Meinesz linked the Potsdam gravity system to Argentina with a 
tripendulum apparatus mounted on a submarine. In the following decades, Professor E. Baglietto 
from the Universidad de Buenas Aires (UBA) – University of Buenos Aires – participated in many 
projects to link Buenos Aires to many gravity sites all over the world. These sites include Teddington 
(1946), Cambridge (1947), Bad Harzburg (1954), Rome (1957), Washington (1957), Orlando (1965), 
Rio de Janeiro (1969), Johannesburg (1969), Capetown (1969), Ottawa (1969), Boston (1969) and 
Bogota (1969) (Instituto Geográfico Militar 1980; Morelli 1959; Morelli et al. 1972). 
In 1962, the Special Study Group No. 5 of the IAG established the first-order world gravity network 
(Figure 2.22). This network was composed by a set of key points measured with absolute 
gravimeters, one of which was located in Argentina and a few others strategically located for 
convenience in making international connections (Hamilton 1963). 
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Figure 2.22: First-Order World Gravity Network established in 1962 (Hamilton 1963) 
In 1968, the Argentinean first-order gravity network, named BACARA (Base de Calibración de la 
República Argentina), was measured (Figure 2.24). This network consisted of 86 points (distributed 
around airports) measured with five relative gravimeters (i.e. four LaCoste & Romberg and one 
Worden), which were transported in a Beechcraft C45 airplane. The observations were referred to 
the Potsdam gravity system and the standard error of the adjusted gravity values estimated was ± 
0.05 mgal (D'Onofrio et al. 1999). 
In 1971, during the XV Assembly of the IUGG held in Moscow, the International Gravity 
Standardization Net 1971 (IGSN71) was adopted by the IUGG to replace the Potsdam gravity system 
(Figure 2.23). The main difference between the two gravity systems was that the new datum was 
determined using 1854 gravity stations instead of a single station, as done in the Potsdam system. 
The standard error of the adjusted IGSN71 gravity values was less than ± 0.1 mgal (Morelli et al. 
1972).  
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Figure 2.23: IGSN71 main gravimeter connections (Morelli et al. 1972) 
Due to the fact that 11 IGSN71 gravity sites were co-located with BACARA benchmarks, the IGM 
readjusted the historic BACARA observations to the IGSN71 system in 1988. The standard errors of 
the readjusted gravity values were less than ± 0.08 mgal. Some other statistical results of the 
differences between the original and the readjusted BACARA gravity values are shown in Table 2.3.  
Table 2.3: Statistics of the differences between the gravity  
values from 86 BACARA’s sites in the Potsdam and IGSN71 datum. 
 
Statistics Value [mgal] 
Average 14.61 
Maximum 14.94 
Minimum 14.21 
 
The Argentinean absolute gravity network (Figure 2.25) was measured in April 1988 and November 
1991 by the Institut für Erdmessung – Institute of Geodesy – of the University of Hannover with a 
JILAG-3 interferometric absolute gravimeter in combination with relative-type LaCoste & Romberg 
gravimeters. An accuracy of about 10 μgal was obtained at the five sites that formed the absolute 
network. Moreover, the Buenos Aires A (BAIR) site, which was also part of the IGSN71 network, was 
measured with the JILAG-3 gravimeter in 1988, and the difference between the IGSN71 value 
(determined almost 20 years before) and the one observed by the absolute gravimeter was only 0.04 
mgal (D'Onofrio et al. 1999; Torge et al. 1995). 
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Figure 2.24: First-order gravity network (Instituto 
Geográfico Nacional 2015) 
 
Figure 2.25: Absolute gravity network (Instituto Geográfico 
Nacional 2015) 
The Argentinean second-order gravity network was co-located with most of the first-order levelling 
benchmarks (Figure 2.26). Currently consists of 13,837 gravity sites and it has been surveyed by the 
IGM and IGN since 1950 using different gravimeters (e.g. Western, Worden, LaCoste & Romberg and 
Scintrex) and the standard error of the gravity values was estimated ± 0.1 mgal (Instituto Geográfico 
Nacional 2015).  
The Argentinean third-order gravity network was measured by the IGM and IGN during the past 60 
years. The gravity stations were co-located over several second- and third-order levelling 
benchmarks, old trigonometric points and GPS sites measured on the surface of the Earth (Figure 
2.27). Nowadays, the network is composed of 3,993 sites and the standard error of the network was 
estimated ± 0.2 mgal (Instituto Geográfico Nacional 2015). 
Since the second- and third-order networks were originally determined on the Potsdam gravity 
datum, during the 1990s they were transformed to the IGSN71 system by applying a systematic 
correction based on the difference between the two gravity values of the site BAIR, referred to the 
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Postdam and IGSN71 systems respectively. This difference, i.e. the correction value, was −14.93 mgal 
(Corchete & Pacino 2007; Moirano et al. 2002; Pacino et al. 2007). 
 
Figure 2.26: Second-order gravity network (Instituto 
Geográfico Nacional 2015) 
 
Figure 2.27: Third-order gravity network (Instituto 
Geográfico Nacional 2015) 
In 2014, a new absolute gravity network consisting of 36 gravity sites located throughout Argentina 
named Red Argentina de Gravedad Absoluta (RAGA) – Argentinean Network of Absolute Gravity – 
was measured (Figure 2.27). The RAGA project was carried out by the IGN in collaboration with the 
Universidade de São Paulo (USP) – Brazilian University of São Paulo – and the Institut de Recherche 
pour le Développement (IRD) – French Research Institute for Development – using two Micro-g 
LaCoste A-10 absolute gravimeters (Instituto Geográfico Nacional 2015).  
Between 2012 and 2015, the IGN measured a new first-order gravity network to replace BACARA. 
The new network was composed of 227 gravity sites (Figure 2.29) co-located with second-order 
gravity benchmarks, which were measured with at least three relative gravimeters (LaCoste & 
Romberg G series and Scintrex CG-5). The computations were performed using the GRAVDATA 
(Drewes 1978) and GRADJ (Forsberg 1981) softwares, and the Hartmann and Wenzel (1995) tidal 
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potential catalogue was applied. The gravity observations were constrained at the 36 absolute RAGA 
sites and the standard error of the optimal gravity values was less than ± 0.04 mgal (Instituto 
Geográfico Nacional 2015).  
 
Figure 2.28: New absolute gravity network (Instituto 
Geográfico Nacional 2015) 
 
Figure 2.29: New first-order gravity network (Instituto 
Geográfico Nacional 2015) 
In 2014, the IGN started a new project to readjust the historic second- and third-order gravity 
observations to the new first-order gravity network. The old gravimetric field notebooks were first 
digitalized to spread sheets (e.g. date, time, gravimeter, coordinates and readings) and then the 
GRAVDATA and GRADJ softwares were used to readjust the observations. This made all the results 
be referred to the zero-tide system (Instituto Geográfico Nacional 2015). 
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2.5. Summary 
This chapter presented the theoretical basis and methodology required to obtain gravity and gravity 
potential. The gravitational, centrifugal and normal potentials were described, as well as the 
procedure to represent them in terms of spherical harmonics.  
Moreover, various height systems and vertical datums were discussed in this chapter. Heighting 
procedures related and not-related to the Earth’s gravity field and their physical meaning were 
described. Additionally, Earth’s tides and its relationship with gravity values, geoid undulations and 
ellipsoidal heights were introduced. The Ekman equations, required to transform geodesic 
observations to different tide systems (i.e. tide-free, mean-tide and zero-tide), were presented. 
Finally, the state-of-the-art of the Argentinean gravity and spirit-levelling networks was described. It 
was shown that during the last a couple of years great efforts were made in the country on updating 
these two networks using advanced calculation techniques and new measurements (e.g. new 
absolute gravity network). 
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3. GEOID DETERMINATION 
 
3.1. Theory of Geoid Determination 
3.1.1. Disturbing Potential 
There is a small difference between the true gravity potential 𝑊 and the normal gravity potential 𝑈 
called the disturbing potential or anomalous potential, and it is noted by (Heiskanen & Moritz 1967) 
𝑇 = 𝑊 − 𝑈 . (3.1) 
According to Torge (2001), both 𝑊 and 𝑈 contain a gravitational and a centrifugal parts. The 
centrifugal part can be accurately obtained and can also be assumed identical in both 𝑊 and 𝑈. 𝑇 is 
the difference between the gravitation of the Earth and of the reference ellipsoid. Therefore, it can 
be expressed as a harmonic expansion form outside the Earth’s masses (Heiskanen & Moritz 1967) 
𝑇 = ∑ ∑[𝛿𝐶𝑛𝑚 cos  𝑚𝜆 + 𝑌𝑛𝑚 sin  𝑚𝜆]𝑃𝑛𝑚(cos  𝜑)
𝑛
𝑚=0
∞
𝑛=0
 (3.2) 
where the zero-degree term defines the mass difference between the Earth and the reference 
ellipsoid, while the first-degree term expresses the separation between the centre of the reference 
ellipsoid and the Earth’s centre of mass or geocentre. If the origin of the coordinates system, i.e. the 
centre of the reference ellipsoid, coincides with the centre of the gravity of the Earth, i.e. the 
geocentre, and the mass of the reference ellipsoid is considered to be equal to the mass of the 
Earth, then the zero- and first-degree terms of the spherical harmonic expansion of the potential 𝑇 
are absent (Heiskanen & Moritz 1967), and thus equation (3.2) can be written as 
𝑇 =
𝐺𝑀
𝑟
∑(
𝑎
𝑟
)
𝑛
∑[𝛿𝐶𝑛𝑚 cos  𝑚𝜆 + 𝑌𝑛𝑚 sin  𝑚𝜆]
𝑛
𝑚=0
∞
𝑛=2
𝑃𝑛𝑚(cos  𝜑) (3.3) 
where GM is the geocentric gravitational constant; 𝑎 is the semi-major axis of the reference 
ellipsoid; 𝛿𝐶𝑛𝑚 and 𝑌𝑛𝑚 are the fully normalised associated Legendre functions; and 𝑃𝑛𝑚(cos  𝜑) is 
the fully normalized associated Legendre polynomials. 
However, if the zero- and first-degree terms are to be determined, an independent determination is 
recommended by using different geodetic observations or techniques, such as Global Navigation 
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Satellite System (GNSS), Détermination d'Orbite et Radiopositionnement Intégré par Satellite 
(DORIS), Very Long Baseline Interferometry (VLBI), Satellite Laser Ranging (SLR), Lunar Laser Ranging 
(LLR) and many other satellite missions (Kirby and Featherstone (1997). 
 
3.1.2. Geodetic Boundary Value Problem (GBVP) 
There are three GBDPs in physical geodesy. The first of all is called Dirichlet’s problem, or the first 
boundary-value problem: “given an arbitrary function on a surface 𝑆, to determine a function 𝑉 
which is harmonic either inside or outside 𝑆 and which assumes on 𝑆 values of the prescribed 
function” (Heiskanen & Moritz 1967, p. 34). In Section 2.1.1 it was shown that Poisson’s integral 
solves the Dirichlet’s problem for the exterior of a sphere. 
The second GBVP is called Neumann’s problem, or the second boundary-value problem, in which 
“the normal derivative 𝜕𝑉/𝜕𝑛 is given on the surface 𝑆, instead of the function 𝑉 itself” (Heiskanen 
& Moritz 1967, p. 36). This problem will be solved in Section 3.1.4. 
The last GBVP is called the third boundary-value problem, in which “a linear combination of 𝑉 and  
its normal derivative is given on 𝑆” (Heiskanen & Moritz 1967, p. 36). The third GBVP for the 
potential 𝑇 will be solved below. 
Let P be a point on the geoid 𝑊, and 𝑄 be the projection of 𝑃 on the reference ellipsoid 𝑈 along the 
ellipsoidal normal (Figure 3.1), then 𝑃𝑄 represents the distance between the geoid and the ellipsoid 
and it is called the geoidal height or geoidal undulation (𝑁) (Heiskanen & Moritz 1967). 
 
Figure 3.1: Geoid, reference ellipsoid and their 
 gravities (Hofmann-Wellenhof & Moritz 2006) 
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Now, let 𝑔 be the gravity at 𝑃 and 𝛾 be the normal gravity at 𝑄, then the difference between the two 
gravity vectors 𝑔𝑃 and 𝛾𝑄 is called the gravity anomaly vector, and the difference in magnitude is 
called the gravity anomaly, which is given by (Heiskanen & Moritz 1967) 
∆𝑔 = 𝑔𝑃 − 𝛾𝑄  . (3.4) 
The Bruns’ formula uses 𝛾 to relate 𝑁 to the disturbing potential 𝑇 (Heiskanen & Moritz 1967): 
𝑇 = 𝛾𝑁 . (3.5) 
Considering equations (2.30), (2.33), (3.4) and (3.5), the following relationship can be established 
∆𝑔 = 𝑔𝑃 − 𝛾𝑄 = −
𝜕𝑇
𝜕𝑛
+
1
𝛾
𝜕𝛾
𝜕𝑛
𝑇 . (3.6) 
This expression is called “the fundamental equation of physical geodesy, because it relates the 
measured quantity ∆𝑔 to the unknown anomalous potential” (Heiskanen & Moritz 1967, p. 86), and 
it can be used as a boundary condition. Due to the assumption that ∆𝑔 is known at every point of 
the geoid, a linear combination of 𝑇 and 𝜕𝑇/𝜕𝑛 is given on the geoid. Therefore, the determination 
of 𝑇 is the third GBVP. 
The spherical approximation of equation (3.6) is given by (Heiskanen & Moritz 1967) 
∆𝑔 = −
𝜕𝑇
𝜕𝑟
−
2𝑇
𝑅
 (3.7) 
where 𝑅 is the mean radius of the Earth and 𝑟 represents the radius vector of the calculating point. 
Now equation (3.3) can be written as 
𝑁 =
𝐺𝑀
𝛾 𝑟
∑ (
𝑎
𝑟
)
𝑛
∑[𝛿𝐶𝑛𝑚 cos  𝑚𝜆 + 𝑌𝑛𝑚 sin  𝑚𝜆]𝑃𝑛𝑚(cos  𝜑)
𝑛
𝑚=0
 ,
∞
𝑛=2
 (3.8) 
and the gravity anomaly is given by (Heiskanen & Moritz 1967) 
∆𝑔 =
𝐺𝑀
𝑟2
∑(
𝑎
𝑟
)
𝑛
(𝑛 − 1) ∑[𝛿𝐶𝑛𝑚 cos  𝑚𝜆 + 𝑌𝑛𝑚 sin  𝑚𝜆]𝑃𝑛𝑚(cos  𝜑)
𝑛
𝑚=0
∞
𝑛=2
 (3.9) 
where 𝛿𝐶𝑛𝑚 and 𝑌𝑛𝑚 are the fully normalised spherical harmonics coefficients and 𝑃𝑛𝑚(cos  𝜑) is 
the fully normalized associated Legendre polynomials. 
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3.1.3. Computation of Gravity Anomalies Outside the Earth 
If the spherical approximation of a harmonic function 𝐻 is given on the Earth’s surface, then the 
values of 𝐻 at points outside the surface can be computed using Poisson’s integral formula 
(Heiskanen & Moritz 1967) 
𝐻𝑃 =
𝑅
4𝜋
∬
𝑟2 − 𝑅2
𝑙3
𝐻 𝑑𝜎
𝜎
 . (3.10) 
The notations in equation (3.10) can be read from Figure 3.2. 
 
Figure 3.2: Notations for Poisson’s integral and derived  
formulas (Hofmann-Wellenhof & Moritz 2006) 
Then 
𝑙 = √𝑟2 + 𝑅2 − 2𝑅 cos𝜓  . (3.11) 
The zero- and first-degree terms from the spherical harmonics expansion of the harmonic function 𝐻 
can be separated and calculated subsequently (Heiskanen & Moritz 1967). Then, 
𝐻 = (
𝑅
𝑟
)𝐻0 + (
𝑅
𝑟
)
2
𝐻1 +∑(
𝑅
𝑟
)
𝑛+1
𝐻𝑛
∞
𝑛=2
 (3.12) 
where 𝐻0, 𝐻1 and 𝐻𝑛 are the zero-, first- and 𝑛-degree terms of the spherical harmonic expansion of 
𝐻. 
After the computation of the zero- and first-degree terms, 𝐻 is expressed with Poisson’s integral 
once again, 
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𝐻𝑃 =
𝑅
4𝜋
∬(
𝑟2 − 𝑅2
𝑙2
−
1
𝑟
−
2𝑅
𝑟2
cos𝜓)𝐻 𝑑𝜎
𝜎
 . (3.13) 
The same procedure can be performed with the gravity anomalies outside the Earth. Then 
(Heiskanen & Moritz 1967), 
𝑟∆𝑔 =
𝑅
4𝜋
∬(
𝑟2 − 𝑅2
𝑙2
−
1
𝑟
−
3𝑅
𝑟2
cos𝜓) (𝑅∆𝑔) 𝑑𝜎
𝜎
 , (3.14) 
and therefore, 
∆𝑔 =
𝑅2
4𝜋 𝑟
∬(
𝑟2 − 𝑅2
𝑙2
−
1
𝑟
−
3𝑅
𝑟2
cos𝜓)∆𝑔 𝑑𝜎
𝜎
 . (3.15) 
Now it is possible to compute gravity anomalies outside the Earth through equation (3.15). This 
process is also called the upward continuation of gravity (Heiskanen & Moritz 1967).  
 
3.1.4. Stokes’ Formula 
According to Heiskanen and Moritz (1967), the equivalent of equation (3.7) for outside the Earth 
surface is given by 
∆𝑔 = −
𝜕𝑇
𝜕𝑟
−
2
𝑟
 𝑇 . (3.16) 
If multiplying formula (3.16) by −𝑟2 and then integrating it between ∞ and 𝑟, it is obtained: 
𝑟2𝑇 = − ∫𝑟2∆𝑔(𝑟)𝑑𝑟
𝑟
∞
 (3.17) 
where ∆𝑔(𝑟) is a function of 𝑟 from equation (3.15). 
Then 
𝑟2𝑇 = − ∫𝑟2 [
𝑅2
4𝜋 𝑟
∬(
𝑟2 − 𝑅2
𝑙2
−
1
𝑟
−
3𝑅
𝑟2
cos𝜓)∆𝑔 𝑑𝜎
𝜎
] 𝑑𝑟
𝑟
∞
 . (3.18) 
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The solution of the integral is given by (Heiskanen & Moritz 1967): 
𝑇(𝑟, 𝜑, 𝜆) =
𝑅
4𝜋
∬∆𝑔 𝑆(𝑟, 𝜓)𝑑𝜎
𝜎
 (3.19) 
where 𝑆(𝑟, 𝜓) is expressed as 
𝑆(𝑟, 𝜓) =
2𝑅
𝑙
+
𝑅
𝑟
− 3
𝑅𝑙
𝑟2
−
𝑅2
𝑟2
cos𝜓 (5 + 3 ln
𝑟 − 𝑅 cos𝜓 + 𝑙 
2𝑟
) . (3.20) 
For the surface of the geoid, the expression  𝑟 = 𝑅 is valid, then 
𝑇(𝜑, 𝜆) =
𝑅
4𝜋
∬∆𝑔 𝑆(𝜓)𝑑𝜎
𝜎
 . (3.21) 
Furthermore, applying Bruns’ theorem, i.e. equation (3.5), the following formula is obtained 
(Heiskanen & Moritz 1967): 
𝑁(𝜑, 𝜆) =
𝑅
4𝜋𝛾
∬∆𝑔 𝑆(𝜓)𝑑𝜎
𝜎
 , (3.22) 
where 𝑆(𝜓) can be expressed in terms of Legendre polynomials and it is given by 
𝑆(𝜓) = ∑
2𝑛 + 1
𝑛 − 1
𝑃𝑛 cos𝜓
∞
𝑛=2
 . (3.23) 
Equation (3.22), also called Stokes’ formula or Stokes’ integral, is used to determine the geoid from 
gravity data (Heiskanen & Moritz 1967). It is important to note that this equation is based on a 
spherical approximation, which results in an error of less than 1 metre in 𝑁. This error can be 
significantly reduced by introducing an ellipsoidal approximation of the geoid (Martinec & Grafarend 
1997).  
In the same way that happened to the disturbing potential 𝑇 (Section 3.1.1), Stokes’ integral 
expressed in formula (3.22) will have no zero- or first-degree terms, provided the following 
conditions are met (Heiskanen & Moritz 1967): 
1. The reference ellipsoidal and geoidal potentials are the same, i.e. 𝑈0 = 𝑊0; 
2. The reference ellipsoid encloses a mass value equal to the Earth’s mass; and 
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3. The centre of the ellipsoid coincides with the centre of the Earth, also known as geocentre. 
Due to the assumption of 𝑇 being harmonic outside the geoid, the effect of the masses above the 
geoid must be completely removed by applying terrain reductions to gravity observations 
(Heiskanen & Moritz 1967). This will be discussed in Section 3.3. 
Stokes’ function 𝑆(𝜓) “acts as a weighting function on the gravity anomalies” (Torge 2001, p. 283). 
While the spherical distance 𝜓 increases, 𝑆(𝜓) decreases until 𝜓 = 39˚, and then it oscillates until 𝜓 
= 180˚ (Figure 3.3). 
 
Figure 3.3: Original Stokes’ function 𝑆(𝜓) (Hofmann-Wellenhof & Moritz 2006) 
Moreover, due to the fact that evaluating Stokes’ integral world-wide is time consuming, a spherical 
cap with a limited radius 𝜓 around the point of calculation is usually applied in the integration 
(Sansò & Sideris 2013). However, a truncation error is introduced when the gravity data are limited 
within the spherical cap. Many approaches have been introduced in the last decades to solve the 
truncation error by modifying Stokes’ kernel function and they will be discussed in Section 3.5.2. 
 
3.2. Global Geopotential Models (GGMs) 
A global geopotential model represents the Earth’s gravity potential 𝑊 and/or the gravity values of 
the Earth (Rapp 1998b). GGMs can be expressed in terms of a series of spherical harmonics outside 
the attracting masses of the Earth. Nowadays these models are derived from a combination of 
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satellite-orbit and -altimeter data, and land and marine gravity data (Schwarz, Sideris & Forsberg 
1987). Due to the difficulty to observe continuous gravity data over the whole surface of the Earth, a 
GGM is commonly expressed as a truncated set of spherical harmonic coefficients (Kirby & 
Featherstone 1997). The maximum complete degree and order of a GGM define the resolution and 
wavelength or frequency of the model. 
It is advantageous to identify such a GGM that best fits the local gravity field for local gravimetric 
geoid determination (Amos & Featherstone 2003; Zhang & Featherstone 1995). Therefore, a GGM 
becomes really important when it is combined with the short-wavelength gravity field, which comes 
from land and marine gravity observations, to develop a precise geoid model by applying the 
remove-compute-restore technique (Section 3.5) (Zhang 1997, 1998, 1999). 
According to Torge (2001) and Sansò and Sideris (2013), GGMs are required to achieve the following 
tasks: 
1. To solve large-scale problems, e.g. inertial navigation and development of geophysical and 
geodynamic models; 
2. To establish a global vertical reference system; 
3. To compute the SST; 
4. To provide the long-wavelength (or low-frequency) part of the gravity field for local gravity 
approximation; and 
5. To detect, track and predict Earth-orbiting objects. 
The first spherical harmonic models were developed during the 1950s. However, it was not until 
1970s when GGMs were widespread among the geodetic community due to the proliferation of 
satellite space missions. During the first decade of the 21st century, three dedicated gravity missions 
were launched: the Challenging Minisatellite Payload (CHAMP) in 2000 (Reigber et al. 1996), the 
Gravity Recovery and Climate Experiment (GRACE) in 2002 (Tapley et al. 2004) and the Gravity Field 
and Steady-State Ocean Circulation Explorer (GOCE) in 2009 (Drinkwater et al. 2003). 
GGMs can be classified into the following three categories (Amos & Featherstone 2003):  
1. Satellite-only GGMs, which are derived from the determination of the orbits of artificial 
satellites. Due to several gravitational and atmospheric effects suffered by satellites, 
observations are “heavily contaminated by noise” (Amos & Featherstone 2003, p. 69). Thus, 
these models can be used to determine the long-wavelength part of the gravity field; 
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2. Combined GGMs, which are derived from the combination of satellite, land and marine 
gravity observations. Due to inhomogeneous data coverage and low accuracy of the gravity 
observations, this type of GGMs has limited precision. However, these models allow an 
increase in the maximum degree of the potential, which permits the determination of the 
shorter wavelength effects; and 
3. Tailored GGMs, for which the combined or satellite-only GGM is adjusted to fit local gravity 
observations and extended to a higher degree model. Gravity corrections are applied to the 
existing geopotential coefficients by computing integral formulas. It should be noted that a 
tailored GGM can only be used in the region for which it is tailored. 
In the following subsections a few GGMs that were tested for the geoid determination in this 
research, are introduced. 
 
3.2.1. Earth Gravitational Model 2008 (EGM2008) 
The spherical harmonic EGM2008 model was developed by the U.S. National Geospatial-Intelligence 
Agency (NGA) and was presented in the European Geosciences Union (EGU) General Assembly 
Meeting held in Vienna in 2008 (U.S. National Geospatial-Intelligence Agency 2008). This model “is 
complete to spherical harmonic degree and order 2159, and contains additional coefficients 
extending to degree 2190 and order 2159” (Pavlis et al. 2012, p. 1), which corresponds to a spatial 
resolution of 5 arc minutes (approximately 9 km depending on latitude). The EGM2008 was 
developed by combining “the best available GRACE-derived satellite-only model, with the most 
comprehensive compilation of a global 5 arc-minute equiangular grid of area-mean free-air gravity 
anomalies that NGA could furnish” (Pavlis et al. 2012, p. 2). The geodetic reference system adopted 
for EGM2008 assumed a tide-free system and was defined by the following parameters 
Gravitational constant: 𝐺𝑀 =     3,986,004.415 × 108 [m3s−2] 
Semimajor axis: 𝑎 =     6,378,136.3 [m] 
2nd degree zonal coefficient (tide − free): 𝐶2,0 = − 484.165 476 7 × 10
−6 
Mean Earth rotation rate: 𝜔 =     7,292,115 × 10−11 [rad s−1] 
(3.24) 
According to Pavlis et al. (2012), the differences between the geoid undulations obtained from 
EGM2008 and those computed from GPS and levelling observations are in the order of ± 5 cm – ±10 
cm in regions with high quality gravity data coverage (e.g. USA, Europe and Australia). Figure 3.4 
shows the global geoid undulations derived from the EGM2008.  
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Figure 3.4: EGM2008 2.5-minute geoid heights (U.S. National Geospatial-Intelligence Agency 2008) 
 
3.2.2. European Improved Gravity Model of the Earth by New Techniques (EIGEN-6C4) 
The high-resolution EIGEN-6C4 GGM  was developed by the Deutsches GeoForschungsZentrum (GFZ) 
– German Research Centre for Geosciences – and the Groupe de Recherches de Geodesie Spatiale 
(GRGS) – Space Geodesy Research Group – in 2014 (Förste et al. 2014). EIGEN-6C4 is complete to 
degree and order 2190, equivalent to a spatial resolution of approximately 9 km, and it “corrects” 
the EGM2008 GGM over those continental areas that lack of good land-gravity coverage due to the 
incorporation of GOCE satellite-mission data. 
EIGEN-6C4 was determined using a combination of the data from the sources below: 
 GRACE satellite mission (2003 – 2012); 
 Satellite Laser Ranging (SLR) technique over the Laser Geodynamics Satellites (LAGEOS) 1 
and 2 (1985 – 2010); 
 GOCE satellite mission (2009  –  2013); and 
 Surface gravity data from the EGM2008, and global gravity anomalies and ocean geoid 
models developed by the Danmarks Tekniske Universitet (DTU) – Technical University of 
Denmark – in 2010. 
Figure 3.5 shows the combination scheme of these satellites and surface data applied to accumulate 
the normal equations of the contributions (Shako et al. 2014).  
-107 86 
Metres (m) 
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Figure 3.5: Combination scheme of the normal equations used to develop EIGEN-6C4 (Förste et al. 2014) 
 
3.2.3. GO_CONS_GCF_2_DIR_R5 
The GO_CONS_GCF_2_DIR_R5 satellite-only GGM was developed by the GFZ and GRGS, and 
released in July 2014. This GGM is complete to degree and order 300 (representing a spatial 
resolution of 0.6 arc-degrees, i.e. ~67 km) and has been determined from a combination of the 
following data sources (Bruinsma et al. 2013): 
 GRACE satellite mission (10 years); 
 SLR technique over LAGEOS 1 and 2 (15 years); and 
 GOCE satellite mission. 
GO_CONS_GCF_2_DIR_R5 is more accurate than EGM2008 at low to medium spherical harmonic 
degrees due to the incorporation of GOCE data. In addition, according to its authors, this GGM is also 
more accurate than the earlier releases of GOCE models due to the large amount of data used in the 
calculation. 
 
3.2.4. Gravity Observation Combination (GOCO05S) 
The GOCO consortium is composed of the Institute of Astronomical and Physical Geodesy from the 
Technische Universität München (Technical University of Munich), Institute of Geodesy and 
Geoinformation from the Universität Bonn (University of Bonn), Institute of Theoretical Geodesy and 
Satellite Geodesy from the Technische Universität Graz (Graz University of Technology), Space 
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Research Institute from the Österreichische Akademie der Wissenschaften (Austrian Academy of 
Sciences) and the Astronomical Institute of the Universität Bern (University of Bern). The high 
resolution satellite-only GOCO05S GGM was determined in 2015 (Mayer-Gürr et al. 2015). 
GOCO05S is complete to degree and order 280 and has been determined from a combination of the 
following data: 
 GRACE satellite mission (10.5 years); 
 SLR technique over LAGEOS 1 and 2, Ajisai, Stella, Starlette and Larets satellites (15 years); 
 GOCE satellite mission (4 years); and 
 Kinematic orbits from Swarm (A+B+C), TerraSAR-X, Tandem-X, CHAMP, GRACE (A+B) and 
GOCE. 
 
3.3. Terrain Reduction 
As it is explained in Section 3.1.4, Stokes’ formula is under the assumption that there are no masses 
above the geoid. This condition has the following implications (Heiskanen & Moritz 1967): 
a. Gravity anomalies, which are required for computing 𝑁 in formula (3.22), should be given at 
the boundary surface, i.e. the geoid; and 
b. Topographic masses should be removed and condensed onto the geoid. 
The first requirement can be met by applying the free-air reduction to the observed gravity through 
equation (2.49). Thus, the gravity station is reduced from the Earth’s surface to the geoid (see Figure 
2.12). The second condition can be satisfied by conducting the so-called terrain corrections (Section 
3.3.1), in which the topographic masses above the geoid are completely removed. This is under an 
assumed density value for the topographic masses (Heiskanen & Moritz 1967). This value is 
commonly approximated to 2.67 g cm-3, since the density of surface granitic rocks of continents 
ranges from 2.5 to 2.8 g cm-3 with an average value of 2.67 g cm-3 (Hinze 2003). 
According to Forsberg (1984) and Schwarz, Sideris and Forsberg (1990), the Earth’s topography 
provides the short-wavelength part in gravity field variation. Therefore, terrain reductions for gravity 
observations in rough terrains are significant. Moreover, applying terrain reductions to observed 
gravity anomalies makes the gravity residual field smoother, which will be more suitable for the 
gridding process required by the remove-compute-restore technique (Section 3.5).  
Page 61 Geoid Determination 
 
In the following subsections, several approaches for the terrain reductions calculation are 
elaborated. 
 
3.3.1. Terrain Correction 
There are two approaches for determining terrain corrections: the planar and the spherical 
approximation. The first approach uses the Bouguer plate reduction (see Section 2.2.4) to remove 
the topographic masses attraction outside the geoid from the observed gravity, and then refines the 
procedure by “taking into account the deviation of the actual topography from the Bouguer plate” 
(Heiskanen & Moritz 1967, p. 131), which is called classical terrain correction (Figure 3.6). The 
classical terrain correction, denoted by 𝐶𝑇, minimizes rugged topographic effects, which disturb 
gravity observations (Hinze et al. 2005), and is given by equation (2.54). 
 
Figure 3.6: Planar approximation of terrain reductions (Amos 2007) 
According to Heiskanen and Moritz (1967), the following conditions must be satisfied for applying 
the Bouguer plate reduction given by equation (2.50) to a gravity observation: 
1. The area around the gravity station is flat and horizontal; 
2. The density 𝜌 of the masses above the geoid is constant; and 
3. There is a horizontal cylinder of radius 𝑎 → ∞ and its thickness equal to the orthometric 
height of the gravity station. 
The second approach, i.e. the spherical approach, was presented by Bullard (1936), in which the 
gravitational attraction of the topography is divided into three parts: the infinite Bouguer plate (also 
known as Bullard A), the curvature of the Earth (also known as Bullard B) and the classical terrain 
correction (also known as Bullard C). 
Bullard A corresponds to the Bouguer plate reduction given by equation (2.50), which approximates 
the terrain to an infinite horizontal plate of a thickness equal to the height of the gravity station. 
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Bullard B reduces the infinite Bouguer plate to a spherical cap of the same thickness and a surface 
radius of 166.7 km (Figure 3.7). Bullard C corresponds to the classical terrain correction given by 
equation (2.54), which considers the undulations of the terrain above and below the curved surface 
of the Earth at the same height of the gravity station (Nowell 1999). Finally, Bullard B is given by 
(LaFehr 1991) 
𝐵𝐵 = 2𝜋𝐺𝜌(𝜇ℎ − 𝜆𝑅) (3.25) 
where ℎ and 𝑅 represent the heights over the MSL of the gravity station and the Earth radius to the 
station respectively, while 𝜇 and 𝜆 are two dimensionless coefficients defined as non-linear 
functions of ℎ by LaFehr (1991).  
Furthermore, there is a simple linear approach to computing 𝐵𝐵 using a constant density 𝜌 = 2.67 g 
cm-3 and a cap size with a radius of 166.7 km. This method was proposed by Cogbill (1979) and it has 
the following form: 
𝐵𝐵 = 𝐴ℎ − 𝐵ℎ
2 + 𝐶ℎ3 + 𝐷ℎ4 (3.26) 
where 𝐴 = 1.464139 × 10−3, 𝐵 = 3.533047 × 10−7, 𝐶 = 1.002709 × 10−13 and 𝐷 = 3.002407 ×
10−18.  
 
 
 
Figure 3.7: Bullard B correction for a gravity station (Nowell 1999) 
 
3.3.2. Isostatic Reduction 
According to Heiskanen and Moritz (1967), the isostatic theory assumes that there is some kind of 
mass deficiency under mountains so that the systematically negative Bouguer anomalies, which are 
Gravity station 
Section of the spherical cap underlying 
the infinite Bouguer plate 
 
Truncation of the infinite Bouguer 
plate at 166.7 km 
 
Infinite Bouguer plate 
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presented in rough terrains, can be balanced. The purpose of isostatic reduction is to shift the 
topographic masses to the interior of the geoid in order to compensate the mass deficiencies that 
exist under the continents. There are two theories about the isostatic compensation applications 
(Heiskanen & Moritz 1967): 
1. Pratt-Hayford theory supports that underneath the level of compensation the density is 
uniform, while above this level the density of vertical sectors across the same cross-section 
varies to maintain the mass value (see Figure 3.8); and 
2. Airy-Hiskanen theory supports that the mountains, of constant density, float on a denser 
fluid of a constant density. In this theory, higher mountains will sink deeper (see Figure 3.9). 
 
Figure 3.8: Pratt-Hayford isostatic model (Hofmann-
Wellenhof & Moritz 2006) 
 
Figure 3.9: Airy-Heiskanen isostatic model (Hofmann-
Wellenhof & Moritz 2006) 
 
3.3.3. Helmert’s Second Condensation Method 
“Helmert's second method of condensation consists in condensing all matter external to the geoid 
into a surface lying in the actual geoid itself” (Lambert 1930, p. 115). The condensed surface layer 
has a planar density 𝜅 = 𝜌𝐻, where 𝜌 is the density of the topography, commonly assumed 2.67 g 
cm-3 (see Figure 3.10). 
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Figure 3.10: Helmert’s second method of condensation 
 (Hofmann-Wellenhof & Moritz 2006) 
According to Martinec et al. (1993), the Stokes-Helmert approach (i.e. using the Helmert’s second 
condensation method for condensing the topography and Stokes’ integral for obtaining the geoid 
undulations) can be applied as follows: 
1. Computing the direct topographical effect on the observed gravity by replacing the effect of 
topographical masses on gravity at the Earth’s surface with the effect of the mass layer on 
the geoid (e.g. the Bouguer plate reduction and the classical terrain correction); 
2. Calculating the downward continuation of the gravity anomalies (or the vertical gradient of 
gravity) to reduce the observed gravity anomalies from the Earth’s surface (or above) to the 
geoid (e.g. the free-air reduction); 
3. Determining the co-geoid by computing the reduced gravity anomalies with Stokes’ integral; 
and 
4. Computing the indirect topographical effect on the gravity potential in order to define the 
geoid. 
The indirect topographical effect is caused by the condensation of the topographic masses onto the 
geoid. This condensation produces a variation in the gravity potential of the Earth and therefore, the 
result of Stokes’ integral is a co-geoid undulation, rather than a geoid undulation (Sideris 1990). 
Hence, the indirect effect needs to be added to the computed co-geoid undulation to determine the 
geoid, and its equation is given by (Wichiencharoen 1982) 
𝛿𝑁𝑖𝑛𝑑 =
𝑉𝐴 − 𝑉𝐶
𝛾
 (3.27) 
where 𝑉𝐴 and 𝑉𝐶 are the gravitational potentials of the topography and the condensed topography 
respectively. Then, the planar approximation for the calculation of the indirect effect on the geoid at 
a point 𝑃 is given by (Wichiencharoen 1982) 
Page 65 Geoid Determination 
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 (3.28) 
where 𝐻 and 𝐻𝑃 are the orthometric heights of the roving point and the computation point 𝑃 on a 
sphere respectively, 𝐺 is the universal gravitational constant, 𝑅 is the mean radius of the Earth, 𝜎 is 
the surface of the sphere, 𝛾 is the mean normal gravity, 𝑟 = 2𝑅 sin
𝜓
2
, and 𝜓 is the geocentric angle 
between 𝑃 and the roving point. 
 
3.3.4. Residual Terrain Model (RTM) 
According to Forsberg (1984, p. 37), to model the geoid in mountainous regions it is ideal to use such 
a terrain-reduction method that is capable of approximating isostatic conditions to avoid the “short-
wavelength-topographic gravity field noise”. Gravity anomalies reduced with the RTM are generally 
smoother than those resulting from other terrain reduction methods (Sansò & Sideris 2013). 
The RTM reduction uses a smooth mean elevation surface to remove topographic masses above the 
reference surface and fill the deficits below the smooth surface (see Figure 3.11). The smooth 
surface can be constructed by low-pass filtering of the detailed DTM to transform it into a coarse 
and smooth topography grid. The RTM is given by (Forsberg 1984) 
∆𝑔𝑅𝑇𝑀 = 2𝜋𝐺𝜌(𝐻 −𝐻𝑟𝑒𝑓) − 𝐶𝑇 (3.29) 
where 𝐻𝑟𝑒𝑓 and 𝐻 are the heights of the reference grid and the detailed grid respectively, and 𝐶𝑇 is 
the classical terrain correction from equation (2.54). 
 
Figure 3.11: The geometry of the RTM reduction (Sansò & Sideris 2013) 
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3.3.5. Hammer Chart 
Hammer (1939) proposed a method for determining the classical terrain correction 𝐶𝑇 in order to 
evaluate the error of the Bouguer reduction due to terrain undulations. The procedure consists of 
dividing the area around the gravimetric station into zones and compartments by laying a 
transparent template or chart (Figure 3.12) over a topographic map, and centring the chart at the 
gravity station. Then, the average height within each compartment is used to obtain the classical 
terrain contribution through a table (see Table 3.1) for that purpose. Finally, all the corrections are 
summed. According to Kane (1962), the terrain effect of the topography beyond 15 to 25 km from 
the gravity station is often small or the variation is not considerable.  
 
Figure 3.12: Hammer zones and compartments up to zone F (Amos 2007) 
Despite the simpleness of the approach, it is extremely time consuming and also subjected to human 
errors (Kirby & Featherstone 1999). An alternative and faster procedure for the classical terrain 
correction is applying the rectangular prism integration or the FFT techniques, which will be 
described in the following sections. 
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Table 3.1: Part of the classical terrain correction table, where ℎ is the mean topographic elevation in feet for each 
compartment with respect to the elevation of the gravity station and 𝐶𝑇 is the classical terrain correction in units of 1/100 
mgal for a density 𝜌 = 2.00 g cm-3 (Hammer 1939). 
 
Zone B Zone C Zone D Zone E Zone F 
4 compartments 6 compartments 6 compartments 8 compartments 8 compartments 
Radius 6.56-54.6 (ft) Radius 54.6-175 (ft) Radius 175-558 (ft) Radius 558-1280 (ft) Radius 1280-2936 (ft) 
±ℎ 𝐶𝑇 ±ℎ 𝐶𝑇 ±ℎ 𝐶𝑇 ±ℎ 𝐶𝑇 ±ℎ 𝐶𝑇 
0-1.1 0 0-4.3 0 0-7.7 0.00 0-18 0 0-27 0 
1.1-1.9 0.1 4.3-7.5 0.10 7.7-13.4 0.10 18-30 0.10 27-46 0.10 
1.9-2.5 0.2 7.5-9.7 0.20 13.4-17.3 0.20 30-39 0.20 46-60 0.20 
2.5-2.9 0.3 9.7-11.5 0.30 17.3-20.5 0.30 39-47 0.30 60-71 0.30 
2.9-3.4 0.4 11.5-13.1 0.40 20.5-23.2 0.40 47-53 0.40 71-80 0.40 
3.4-3.7 0.5 13.1-14.5 0.50 23.2-25.7 0.50 53-58 0.50 80-88 0.50 
3.7-7 1 14.5-24 1 25.7-43 1 58-97 1 88-146 1 
7-9 2 24-32 2 43-56 2 97-126 2 146-189 2 
9-12 3 32-39 3 56-66 3 126-148 3 189-224 3 
12-14 4 39-45 4 66-76 4 148-170 4 224-255 4 
14-16 5 45-51 5 76-84 5 170-189 5 255-282 5 
16-19 6 51-57 6 84-92 6 189-206 6 282-308 6 
19-21 7 57-63 7 92-100 7 208-222 7 308-331 7 
21-24 8 63-68 8 100-107 8 222-238 8 331-353 8 
24-27 9 68-74 9 107-114 9 238-252 9 353-374 9 
27-30 10 74-80 10 114-120 10 252-266 10 374-394 10 
  
80-86 11 120-127 11 266-280 11 394-413 11 
  
86-91 12 127-133 12 280-293 12 413-431 12 
  
91-97 13 133-140 13 293-306 13 431-449 13 
  
97-104 14 140-146 14 306-318 14 449-466 14 
  
104-110 15 146-152 15 318-331 15 466-483 15 
 
3.3.6. Rectangular Prism Integration 
The usage of rectangular prisms to represent topography and bathymetry masses allows the classical 
terrain correction. This approach approximates terrain to a regular grid of prisms, whose spacing 
coincides with the DTM used for the calculation. Each prism leans on the sea-level surface and its 
height coincides with the elevation of the DTM (Sansò & Sideris 2013). However, this method implies 
a flat-Earth approximation that restricts its applicability over large areas (Nagy, Papp & Benedek 
2000). 
Let planes 𝑋1, 𝑋2, 𝑌1, 𝑌2, 𝑍1 and 𝑍2 be the boundaries of a prism (see Figure 3.13), and 𝑃(𝑋, 𝑌, 𝑍) be 
the computation point, which is referred to the coordinate system’s origin, then the gravitational 
potential 𝑉 of the prism is given by (Nagy, Papp & Benedek 2000) 
𝑉 = 𝐺𝜌∫ ∫ ∫
𝑑𝑥 𝑑𝑦 𝑑𝑧
𝑟
𝑧𝑦𝑥
 (3.30) 
where 𝜌 is a constant density value and 𝑟 = √𝑥2 + 𝑦2 + 𝑧2 is the distance between the origin and 
the computation point.  
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Then, the result of the integral is 
𝑉 = 𝐺𝜌 |||𝑥𝑦  ln(𝑧 + 𝑟) + xz ln(𝑦 + 𝑟) + yz ln(𝑥 + 𝑟) 
−
𝑥2
2
tan−1
𝑦𝑧
𝑥𝑟
−
𝑦2
2
tan−1
𝑧𝑥
𝑦𝑟
−
𝑧2
2
tan−1
𝑥𝑦
𝑧𝑟
|𝑥1
𝑥2|𝑦1
𝑦2|𝑧1
𝑧2  . 
(3.31) 
Moreover, this integration approach can be refined further by assigning a specific and independent 
density to each prism. 
 
Figure 3.13: Notation used for the definition of a prism (Nagy, Papp & Benedek 2000) 
   
3.3.7. Terrain Correction by Fast Fourier Transformation (FFT) 
According to Forsberg (1985, p. 344), “the computation of terrain effects traditionally involves time-
consuming numerical integrations, where the effects are summed up using rectangular prisms of 
uniform density”. Nevertheless, regularly gridded DTMs allow the use of the FFT technique for 
terrain corrections with considerably reduced computation time.  
The planar and linear approximation of the classical terrain correction 𝐶𝑇 given by equation (2.54) 
can be expressed as two-dimensional convolution integrals, allowing the application of the FFT 
techniques for its computation (Forsberg 1985). Then, the following formula can be applied to 
equation (2.54) 
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F{𝑎 ∗ 𝑏} = F{𝑎}F{𝑏} (3.32) 
where ∗ indicates the convolution of the functions 𝑎 = (𝐻 −𝐻𝑃)
2 and 𝑏 = 𝑙−3, and F{𝑎} and F{𝑏} 
represent the Fourier transform of 𝑎 and 𝑏 respectively. 
According to Kirby and Featherstone (1999, p. 557), FFT is “by far the fastest method of terrain 
correction calculation”. However, some instability in the FFT algorithm may occur during the 
computation, which produces spikes of high amplitude in the terrain correction result. These spikes 
can be reduced by means of a larger resolution DTM grid. 
 
3.4. Digital Terrain Models (DTMs) 
A DTM that well fits the Earth’s topography is required for the determination of a precise geoid 
model, since the topographic masses need to be condensed onto the geoid to satisfy the GBVP. 
Several technologies can be used to obtain elevation data for developing DTMs, such as ground 
surveys, airborne photogrammetric data capture, airborne laser scanning, and radar-based satellite 
imagery (Hengl, Gruber & Shrestha 2003). Table 3.2 indicates the characteristics and accuracy of 
these data sources. 
Table 3.2 Main characteristics and typical accuracy of data sources used to derive DTMs (Hengl, Gruber & Shrestha 2003) 
 
Collection method Main characteristic Example Typical accuracy 
Ground survey 
Highest accuracy; small sampling 
density; high costs. 
DGPS systems 
Tacheometry 
Levelling 
≤ 1m 
0.001 m - 1 m 
≈ 0.001 
Stereoscopic imagery 
High sampling density; can be semi 
or fully automated; problems with 
vegetation. 
Aerial photography 
Satellite imagery (e.g. SPOT 
and ASTER) 
0.1 m - 1 m 
10 m - 20 m 
 
Laser scanning 
Laser scanner is placed in the 
airplane which is GPS navigated; 
raw data need filtering and 
resampling before it can be used; it 
can penetrate tree foliage and 
record both surface of the 
vegetation cover ground. 
Airborne laser scanning (e.g. 
LIDAR) 
0.2 m - 1 m 
 
Radar imagery 
The lowest cost per km2; requires 
ground control data; complex 
processing. 
Airborne synthetic aperture 
radar (e.g. inSAR) 
Spaceborne (e.g. ERS and 
SRTM) 
0.5 m - 2 m 
 
10 m - 25 m 
 
 
DTMs are commonly distributed using two structures: rectangle grid (Figure 3.14), where each pixel 
carries the elevation information, and Triangulated Irregular Network (TIN) (Figure 3.15), which is 
based on triangles with their vertices at elevation sample points (Hengl, Gruber & Shrestha 2003). 
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Figure 3.14: Grid points and model using the rectangle grid 
technique (Murai 1997) 
 
Figure 3.15: Grid points and model using the TIN technique 
(Murai 1997) 
There are several worldwide DTMs freely available. The latest models are described in the following 
subsections. 
 
3.4.1. SRTM v4.1 
The SRTM v4.1 DMT was collected by the Space Shuttle Endeavour in the Shuttle Radar Topography 
Mission during 11 days in February 2000. The mission was a joint project between the U.S. National 
Aeronautics and Space Administration (NASA) and the NGA aiming to develop a DTM for 80% of the 
Earth's land surface (Jarvis et al. 2008). 
The SRTM v4.1 DTM model was released in 2008 by the Consortium for Spatial Information (CGIAR-
CSI) and it has a resolution of 90 metres at the equator (Figure 3.16). The absolute vertical height 
accuracy of the DTM is 16 metres (Jet Propulsion Laboratory 2000). However, in 2014 the IGN 
published a report that assessed the SRTM v4.1 accuracy in Argentina using a total of 9,055 elevation 
control points. The report stated that the difference between the SRTM v4.1 and the Argentinean 
Vertical Datum (Section 2.4) was 3.73 metres (Instituto Geográfico Nacional 2014a). The model is 
available through the CGIAR-CSI data centre web page at 
http://srtm.csi.cgiar.org/SELECTION/inputCoord.asp. 
Page 71 Geoid Determination 
 
 
Figure 3.16: SRTM 90m Digital Elevation Database v4.1 (CGIAR-CSI 2008) 
 
3.4.2. SRTM30_Plus v10 
SRTM30_Plus v10 is a 30” resolution global topography and bathymetry model (Figure 3.17) 
developed in 2014 from a variety of data sources, such as SRTM, ICESat and satellite-gravity models. 
Ocean bathymetry was based on 298 million of edited soundings provided by various organisations 
including NOAA, Sea Ice Outlook (SIO), NGA, Japan Agency for Marine-Earth Science and Technology 
(JAMSTEC), Institut Français de Recherche Pour l'Exploitation de la Mer (IFREMER) – French Research 
Institute for Exploitation of the Sea –, General Bathymetric Chart of the Oceans (GEBCO), and the 
U.S. Naval Oceanographic Office ( NAVOCEANO) (Becker et al. 2009). The model is available through 
the Satellite Geodesy Research Group (Scripps Institution of Oceanography, University of California 
San Diego) web page at http://topex.ucsd.edu/WWW_html/srtm30_plus.html. 
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Figure 3.17: Global bathymetry and topography from the SRTM30_Plus model (Becker et al. 2009) 
 
3.5. Remove-Compute-Restore (RCR) Technique 
The RCR technique is a well-known method used in the Stokes-Helmert’s approach for determining 
geoid models. It consists of the removal of the less precise long-wavelength part of the Earth’s 
gravity field from the observed gravity anomalies using a GGM before Stokes’ integral is calculated, 
and the restoration of a low-degree geoid generated by the GGM. Stokes’ integral provides the 
short-wavelength part of the Earth’s gravity field while the GGM contributes to the long-wavelength 
part. A similar procedure also needs to be performed for the removing and restoring of the residual 
topographic effects on the observed gravity anomalies (Sjöberg 2005). 
The RCR technique implies a spectral decomposition of the Earth’s gravity field into three parts: the 
long-wavelength contribution from the GGM, the medium-wavelength signal from regional gravity 
observations and the short-wavelength part of the gravity spectrum from the topography. As a 
result, the geoid undulation 𝑁 can be expressed by (Forsberg 1993) 
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𝑁 = 𝑁𝐺𝐺𝑀 +𝑁𝑇 +𝑁𝑅𝐸𝑆 (3.33) 
where 𝑁𝐺𝐺𝑀 represents the spherical harmonic expansion of the GGM from equation (3.8), 𝑁𝑇  is the 
terrain indirect effect from Helmert’s second method of condensation (Section 3.3.3) determined 
from a DTM, and 𝑁𝑅𝐸𝑆 denotes the residual co-geoid, which is calculated from the reduced observed 
gravity anomalies (∆𝑔𝑅𝐸𝑆): 
∆𝑔𝑅𝐸𝑆 =  𝑔 − 𝛾 + 𝛿𝑔𝐹𝐴 + 𝐶𝑇 − ∆𝑔𝐺𝐺𝑀 (3.34) 
where 𝑔 and 𝛾 are the observed and normal gravities respectively, 𝛿𝑔𝐹𝐴 is the free-air reduction 
from equation (2.49), 𝐶𝑇 is the classical terrain correction from equation (2.54), and ∆𝑔𝐺𝐺𝑀 is the 
gravity anomaly derived from the spherical harmonic GGM from equation (3.9). 
𝑁𝑅𝐸𝑆 can be obtained by the spherical approximation of Stokes’ integral using the reduced observed 
gravity anomaly ∆𝑔𝑅𝐸𝑆 (Heiskanen & Moritz 1967): 
𝑁(𝜑, 𝜆) =
𝑅
4𝜋𝛾
∫   ∫ ∆𝑔𝑅𝐸𝑆 (𝜑’, 𝜆’) 𝑆(𝜓)  cos𝜑’ 𝑑𝜑’
𝜋/2
𝜑’=−𝜋/2
2𝜋
𝜆’=0
𝑑𝜆’ . (3.35) 
Figure 4.2 illustrates the different data contributions to regional geoid determination using the RCR 
scheme. 
 
Figure 3.18: Contributions of different data to regional geoid determination (Schwarz, Sideris & Forsberg 1987) 
 
3.5.1. Stokes’ Integral by FFT 
According to Schwarz, Sideris and Forsberg (1990), the FFT technique can be used to efficiently solve 
the Stokes’ integral given by equation (3.22) in the RCR approach. However, gravity anomalies must 
be expressed in a regular grid (Sansò & Sideris 2013).  
RES NGGM +NRES 
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There are two approximations of Stokes’ integral (Sansò & Sideris 2013): the planar, which is given 
by 
𝑁(𝑥𝑝, 𝑦𝑝) =
1
2𝜋𝛾
∬
∆𝑔 (𝜑, 𝜆)
√(𝑥𝑝 − 𝑥)
2
+ (𝑦𝑝 − 𝑦)
2
𝑑𝑥 𝑑𝑦
𝐸
 , (3.36) 
and the spherical, expressed by  
𝑁(𝜑𝑝, 𝜆𝑝) =
𝑅
4𝜋𝛾
∬∆𝑔 (𝜑, 𝜆)𝑆(𝜑𝑝, 𝜆𝑝, 𝜑, 𝜆) cos𝜑 𝑑𝜑 𝑑𝜆
𝐸
 . (3.37) 
The planar approximation can be obtained using the FFT technique in a two-dimensional discrete 
convolution integral (Schwarz, Sideris & Forsberg 1990): 
𝑁(𝑥, 𝑦) =
1
2𝜋𝛾
F−1 {F {∆𝑔(𝑥, 𝑦)} F {𝑙(𝑥, 𝑦) =
1
 √𝑥2 + 𝑦2
}} . (3.38) 
The spherical approximation can also be obtained by implementing the FFT procedure in a two-
dimensional discrete convolution integral (Strang van Hees 1990), then 
𝑁(𝜑𝑝, 𝜆𝑝) =
𝑅
4𝜋𝛾
F−1 { F {∆𝑔(𝜑𝑝, 𝜆𝑝) cos𝜑𝑝} F {𝑆(𝜑𝑝 , 𝜆𝑝, 𝜑, 𝜆)}} . (3.39) 
However, both FFT implementations are subjected to several approximation errors. Forsberg and 
Sideris (1993) proposed the so-called spherical multi-band approximation to reduce the errors from 
the north and south edges of the computed area by subdividing it into narrow stripes along the 
latitudinal direction (Figure 3.19). When this method is applied, each stripe or band is calculated 
using equation (3.39), and then the results of all stripes are merged for determining the geoid over 
the whole region. 
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Figure 3.19: Latitude bands used in the spherical multi-band FFT approach (Forsberg & Sideris 1993) 
Haagmans, De Min and Van Gelderen (1993) also proposed a new spherical approach to obtaining 
the Stokes’ integral using the FFT technique in a one-dimensional convolution integral. It does not 
need the simplification of Stokes’ kernel and so is a much faster algorithm than the other 
approaches (Featherstone & Sideris 1998). Then, 𝑁 can be expressed as (Haagmans, De Min & Van 
Gelderen 1993) 
𝑁(𝜑𝑙 , 𝜆𝑘) =
𝑅 ∆𝜑 ∆𝜆
4𝜋𝛾
F1
−1 {∑ F1 {∆𝑔(𝜑𝑗 , 𝜆𝑘) cos𝜑𝑗} F1 {𝑆(𝜑𝑙 , 𝜑𝑗 , 𝜆𝑘)}
𝑁−1
𝑗=0
 } (3.40) 
where F1 and F1
−1 represent one-dimensional (1-D) Fourier transform operators and its inverse 
respectively. 
 
3.5.2. Modification to Stokes’ Kernel 
Using FFT to determine geoids requires the convolution integration covering the whole gravity 
anomaly grids, while geoid determination using numerical integration requires gravity anomalies 
over a spherical cap of radius 𝜓0. Both methods represent approximations of Stokes’ integral and 
result in a truncation error due to the omission of gravity anomalies outside the integration domain 
(Featherstone & Sideris 1998). In order to minimise this, the so-called modification of Stokes’ kernel 
is implemented (Sjöberg 2003) to “reduce the truncation error to a level which is acceptable for 
modern geodetic applications” (Featherstone, Evans & Olliver 1998, p. 155). 
However, the removal of higher degrees of Legendre polynomials in Stokes’ kernel could act as a 
high-filter pass, which would avoid the inclusion of medium-wavelength gravity signals, which results 
in a non-representative solution of the geoid (Featherstone, Evans & Olliver 1998). 
𝜑𝑚𝑎𝑥 
𝜑𝑖  
𝜑𝑖+1 
𝜑𝑚𝑖𝑛 
𝑃 
𝜆𝑚𝑖𝑛 𝜆𝑚𝑎𝑥 
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Many researchers have presented deterministic approaches for reducing the truncation error when 
using modified Stokes’ kernels such as Molodenskii (1962), De Witte (1967), Wong and Gore (1969), 
Meissl (1971), Heck and Grüninger (1987), Vaníček and Kleusberg (1987), Vaníček and Sjöberg (1991) 
and Featherstone, Evans and Olliver (1998). In this research the Wong and Gore (1969) modification 
to Stokes’ kernel was adopted implying the removing of the low-degree Legendre polynomials since 
they distort the long-wavelength signal of the geoid when integrating over a spherical cap of radius 
𝜓0 (Featherstone, Evans & Olliver 1998). The modification equation is 
𝑆𝑚𝑜𝑑(𝜓) = 𝑆(𝜓) −∑𝛼(𝑛)
2𝑛 + 1
𝑛 − 1
𝑃𝑛 cos𝜓
𝑁2
𝑛=2
 
𝛼(𝑛) = {
1
𝑁2 − 𝑛
𝑁2 −𝑁1
0
     
for
for
for
    
2 ≤ 𝑛 ≤ 𝑁1
𝑁1 ≤ 𝑛 ≤ 𝑁2
𝑁 ≥ 𝑛 ≥ 𝑁2
,   𝑛 = 2,… ,𝑁 
(3.41) 
where 𝑆(𝜓) comes from equation (3.23), 𝑁2 is the maximum degree of the Legendre polynomial or 
truncation degree and 𝛼(𝑛) is the linear tapering coefficient. According to Wang et al. (2012, p. 
167), the use of a truncated Stokes’ kernel “guarantees that the long-wavelength content of the 
surface gravity data is not allowed to contribute to Stokes’ integral”. 
 
3.6. Summary 
This chapter introduced the theory and procedures required for geoid determination. The solution of 
the third GBVP outside the Earth (i.e. the determination of the anomalous potential) by applying 
observed gravity anomaly into Stokes’ integral was presented. Then, the general concept of a GGM 
and the main characteristics of several GGMs (e.g. EGM2008, EIGEN-6C4, and GOCO05S) were 
discussed.  
In addition, different approaches for the terrain reduction to the gravity anomalies were introduced, 
such as Helmert’s second condensation method, RTM and Hammer chart. Then, two DTMs (i.e. 
SRTM v4.1 and SRTM30_Plus v10), which are needed for determining terrain corrections of the 
gravity anomalies, were presented. 
Finally, the RCR technique, in which different wavelengths parts of the Earth’s gravity field are 
separated and removed from observed gravity anomalies, was discussed. Then three approximations 
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for the determination of Stokes’ integral using the FFT technique (i.e. the planar, spherical and 
spherical multi-band approximations) were introduced. 
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4. DATA PREPARATION AND PRE-PROCESSING 
 
4.1. Introduction 
Several types of observations and models are required to determine a gravimetric geoid model, such 
as gravity observations from various sources (i.e. airborne, terrestrial, marine and satellite), co-
located GPS and levelling observations, DTMs, bathymetric models and GGMs (Zhang 1998, 1999). 
These dataset’s coverage and resolution, its validation and its refinement are critical to obtain an 
accurate geoid model for Argentina. 
The coverage of the new Argentinean geoid model to be developed extends from latitude 20˚ S to 
57˚ S and from longitude 52˚ W to 76˚ W, giving as a result, a trapezium with a length (in the N–S 
direction) of ~4100 km and an average width (in the E–W direction) of ~2100 km (see Figure 4.1).  
 
Figure 4.1: Surface of the new geoid model to be developed for Argentina (Mercator projection) 
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4.2. Compilation of a DTM 
The topography of Argentina is quite complex. The country is bordered by the Andes Mountains in 
the west and the Atlantic Ocean in the east. The Argentinean Andes holds some of the tallest 
mountains in the western hemisphere, such as Cerro Mercedario (6,770 m), Cerro Ojos del Salado 
(6,879 m), Monte Pissis (6,882 m) and Cerro Aconcagua (6,960 m). Smaller mountain ranges also 
exist in the central region of Argentina, which are like a divider between plains or plateaus, e.g. the 
Pampas (located in the central-east area at approximately 300 metres above the sea level) and La 
Puna (in the north-west region at approximately 4000 metres above sea level). Argentina also 
encloses some large depressions, such as Gran Bajo de San Julián (–105 m) and Gran Bajo del 
Gualicho (–50 m) (Instituto Geográfico Nacional 2011). 
The SRTM v4.1 and SRTM30_Plus v10 models described in Sections 3.4.1 and 3.4.2 respectively, 
were combined to develop a new DTM that spans from 77˚W to 51˚W and from 19˚S to 58˚S (Figure 
4.2). The Global Mapper v15 software was used to compile the DTM and the procedure is as follows: 
a. The SRTM30_Plus v10 bathymetry model was resampled from 30” to 3” using the nearest 
neighbour technique, in which the elevation value of the sample pixel was assigned to the 
same location in the new model; 
b. SRTM30_Plus v10 was also used to cover the oceans, while the SRTM v4.1 was used to cover 
the continental region; and 
c. Data voids were filled-in by a linearly interpolation technique using the surrounding 
elevation values.  
Subsequently, the 3” (~90 m) grid was resample into a 3’ (~5 km) coarse grid for determining 
terrain correction at each gravity site (Section 4.3.4). Since the coarse grid was constructed from the 
detailed DTM by averaging pixels, the two grids had common boundaries. 
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Figure 4.2: Compiled 3” DTM used for the new Argentinean  
geoid determination (Mercator projection) 
 
4.3. Terrain Gravity Data and Gravity Reductions 
Terrestrial gravity observations in Argentina were collected by several public agencies, universities 
and private companies, including IGN; Instituto de Física de Rosario (IFIR – Physics Institute of 
Rosario); Facultad de Ciencias Exactas, Físicas y Naturales (School of Exact, Physical and Natural 
Sciences) from the UNSJ; Instituto de Geociencias Básicas, Aplicadas y Ambientales (IGEBA – 
Environmental and Applied Geoscience Institute) from the UBA; Laboratorio de Geofísica Aplicada y 
Ambiental (LAGAMA – Enviromental and Applied Geophysics Laboratory) from the Universidad 
Nacional de Tucumán (UNT – National University of Tucumán); Facultad de Ciencias Astronómicas y 
Geofísicas de la Universidad Nacional de La Plata (School of Astronomical and Geophysical Sciences 
of La Plata National University); Physics Department from the Universidad Nacional del Sur (UNS – 
National University of the South); Servicio Geológico Minero Argentino (SEGEMAR – Argentinean 
Mining Geological Service); Technische Universität Berlin (Technical University of Berlin); Yacimientos 
Petrolíficos Fiscales (YPF – National Oilfields); NGA; and British Antarctic Survey. 
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Gravity observations from all of the organisations mentioned above were used in this research. 
These observations were collected over the last 70 years using different types of relative 
gravimeters, such as Scintrex CG-5, LaCoste & Romberg, Worden and Western. Many of the gravity 
observations were originally referenced to the Potsdam datum. However, they were all transformed 
to the IGSN71 gravity reference system by applying a correction value of −14.93 mgal, introduced in 
Section 2.4.2. Although Corchete and Pacino (2007) considered that the overall accuracy of the 
gravity observations was better than 0.5 mgal, the real accuracy in most cases is uncertain.  
Terrestrial gravity observations from neighbour countries (i.e. Bolivia, Brazil, Chile, Paraguay and 
Uruguay) were obtained from the U.S. National Geophysical Data Center (NGDC), BGI and Instituto 
Brasileiro de Geografia e Estatística (IBGE – Brazilian Institute of Geography and Statistics). These 
gravity datasets were all referred to the IGSN71 gravity reference system. 
According to Heck (1990), the accuracy of free-air gravity anomalies required to determine the geoid 
model, depends on the vertical, horizontal and gravity datums, and therefore, are affected by the 
following errors: 
 Errors in gravity measurements: gravity observations in Argentina had a relative precision of 
~0.01 mgal to ~0.50 mgal, depending on the selection of the gravity datum, Moon and Sun 
tidal effect reduction, atmospheric attraction and correction, air pressure variations, tidal 
system adoption, and reading resolution, calibration and drift of the gravimeter; 
 Errors in horizontal coordinates: until 1997, gravity surveying in Argentina adopted an old 
horizontal datum called Campo Inchauspe 1969. The 3-parameter shifts to the World 
Geodetic System 1984 (WGS-84) were determined by the U.S. Defense Mapping Agency 
(DMA) in 1991 (∆𝑋 = −148 m, ∆𝑌 = 136 m, ∆𝑍 = 90 m) and the standard error of the 
transformed coordinates was ±5 m (National Imagery and Mapping Agency 1997). Although 
the gravity-surveying companies and Argentinean government agencies declared having 
transformed their old gravity stations’ coordinates to the WGS-84 datum, it was not 
confirmed. Therefore, a systematic error in the position of the gravity points of more than 
100 m may exist in some data. Moreover, the coordinates of the gravity stations were 
sometimes obtained from topographic maps with various scales, e.g. 1:50,000, 1:100,000 
and 1:250,000), and consequently, blunders could be in the coordinates; 
 Errors in physical heights: two vertical datums were adopted in Argentina, i.e. mainland 
Argentina and Tierra del Fuego Island. They were based on observations from two tide 
gauges, i.e. Mar del Plata and Ushuaia tide gauges. Therefore, a vertical offset or bias might 
be present in the Tierra del Fuego Island gravity anomalies due to the vertical offset 
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between the two datums. Moreover, systematic and random errors in the spirit-levelling and 
the sinking of the benchmarks also lead errors in orthometric heights. Finally, heights above 
the MSL of many gravity station were determined using aneroids with an accuracy of ~4 m; 
and 
 Errors in normal gravity: the computed normal gravity, which is required for gravity anomaly 
determination, depends on the ellipsoidal latitude, geodetic reference system (e.g. GRS67 
and GRS80) and calculation approach (e.g. Somigliana’s close formula). 
Consequently, it is unlikely to estimate the accuracy of most of the Argentinean gravity anomalies 
due to the lack of information about the methods used to collect gravity observations and compute 
gravity anomalies. Moreover, most of the gravity data in this region were observed mainly for two 
purposes: physical height determination and mineral prospecting. Therefore, the gravity coverage 
was sparse, heterogeneous and big gaps existed in some areas. The terrestrial gravity observations 
dataset used in this research is composed of ~180,000 points (see Figure 4.3) and the observation 
contains 5 fields: survey name, latitude, longitude, height above the MSL and gravity value. 
 
Figure 4.3: Land gravity observations (Mercator projection) 
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As mentioned before, Stokes’ integral allows determining a geoid model from gravity anomalies, 
which derived from gravity observations on the physical surface of the Earth. The following 
subsections describe the processes and reductions of land gravity observations to convert them into 
gravity anomalies. 
 
4.3.1. Normal Gravity 
In this research, the Somigliana’s closed formula, expressed in equation (2.34), was used to compute 
the normal gravity (𝛾) for determining gravity anomalies. The normal gravity value at the equator 
( 𝛾𝑒) and pole ( 𝛾𝑝), and lengths of the semi-major (𝑎) and semi-minor axes (𝑏) in equation (2.34), 
correspond to the GRS80 reference ellipsoid, which was adopted by the IUGG in 1979 during the XVII 
General Assembly held in Canberra to replace the Geodetic Reference System 1967 (GRS67). 
However, according to Moritz (1980b), for numerical computation it is more convenient to use the 
following form of the Somigliana’s closed formula: 
𝛾 =  𝛾𝑒
1 + 𝑘 sin2𝜑
√1 − e2 sin2𝜑
  (4.1) 
where e2 is the first excentricity of the GRS80 ellipsoid and 𝑘 is given by 
𝑘 =
𝑏  𝛾𝑝
𝑎  𝛾𝑒
− 1 . (4.2) 
According to Heiskanen and Moritz (1967), equation (2.34) can be expressed in terms of an 
abbreviated series expansion: 
𝛾 =  𝛾𝑒 (1 + 𝑓
∗ sin2𝜑 −
1
4
𝑓4sin
2 2𝜑) (4.3) 
where 𝑓 and 𝑓∗represent the ellipsoidal and gravitational flattening respectively, and they are given 
by 
𝑓 =
𝑏 − 𝑎
𝑎
 ,                
𝑓∗ =
 𝛾𝑝 −  𝛾𝑒
 𝛾𝑒
 ,   and  
𝑓4 = −
1
2
𝑓2 +
5
2
𝑓𝑚 , 
(4.4) 
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where 𝑚 is derived from equation (2.60).  
Moreover, the Somigliana’s closed formula can be also expressed in terms of a precise series 
expansion (Moritz 1980b): 
𝛾 = (1 +∑𝑎2𝑛 sin
2𝑛 𝜑
∞
𝑛=1
)  (4.5) 
where 
𝑎2 =
1
2
e2 + 𝑘 , 
𝑎4 =
3
8
e4 +
1
2
e2 + 𝑘 , 
𝑎6 =
5
16
e6 +
3
8
e4 + 𝑘 , and 
𝑎8 =
35
128
e8 +
5
16
e6 + 𝑘 . 
(4.6) 
The numerical values of some of the GRS80’s parameters used in the above equations are the 
following (Moritz 1980b): 
𝑎  = 6,378,137 [m]                   
𝑏  = 6,356,752.314 1 [m]       
𝑓 = 1/298.257 222 101 
𝜔 = 7,292,115 × 10−11 [rad s−1] 
e2  = 0.006 694 380 022 900  
𝐺𝑀 = 3,986,005 × 108 [m3 s−2] 
 𝛾𝑒 = 978,032.677 15 [mgal]    
 𝛾𝑝 = 983,218.636 85 [mgal]    
k   = 0.001 931 851 353         
(4.7) 
 
4.3.2. Atmospheric Correction 
GRS80 is based on the theory of a geocentric equipotential ellipsoid. The mass of the Earth’s 
atmosphere is considered in the computation of the gravitational constant 𝐺𝑀 (Moritz 1980b). 
Therefore, in this research, an atmospheric correction 𝛿𝑔𝐴 was applied to each gravity anomaly to 
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remove the gravity effect of the atmospheric masses above the gravity stations. This correction is 
given by (Hinze et al. 2005) 
𝛿𝑔𝐴 = 0.874 − 9.9 × 10
−5𝐻 + 3.56 × 10−9𝐻2 [mgal]  (4.8) 
where 𝐻 is the elevation of the gravity station in metres. 
 
4.3.3. Free-Air Correction 
The free-air correction (𝛿𝑔𝐹𝐴) given by equation (2.49) was used to reduce gravity observations to 
the geoid, by means of approximating the vertical gradient of gravity, to the normal gradient of 
gravity (Heiskanen & Moritz 1967). For practical applications it is sufficient to use the first-order 
formula of the free-air correction, in which a factor of 0.3086 is multiplied by the elevation value of 
the gravity station. However, Heiskanen and Moritz (1967) proposed a more accurate formula that 
takes into account the inverse square law and the Earth’s ellipticity expressed by: 
𝛿𝑔𝐹𝐴 =
2 𝛾𝑒
𝑎
− (1 + 𝑓 +𝑚 − 2𝑓 sin2𝜑)ℎ −
3 𝛾𝑒
𝑎2
ℎ2 (4.9) 
where ℎ is the ellipsoidal height. 
 
4.3.4. Refined Bouguer Correction 
The Bouguer correction (𝛿𝑔𝐵), introduced in Section 2.2.4, was used to remove the topographic 
masses attraction outside the geoid from observed gravity. The planar approach of the Bouguer 
correction and the terrain correction 𝐶𝑇, presented in Section 3.3.1 and based on equations (2.50) 
and (2.54), were applied in this research to reduce the gravity observations: 
𝛿𝑔𝑅𝐵 = 2𝜋𝐺𝜌𝐻 + 𝐶𝑇  (4.10) 
where 𝛿𝑔𝑅𝐵 is the refined Bouguer correction, 𝜌 is the topographic mass density value and 𝐺 is the 
Newtonian gravitational constant. When 𝜌 is approximated to 2.67 g cm-3, then 
𝛿𝑔𝑅𝐵 = −0.1119𝐻 + 𝐶𝑇 . (4.11) 
The TC program (Forsberg 1984), which is part of the GRAVSOFT package (Forsberg & Tscherning 
2008), was used in combination with the compiled DTM for computing 𝐶𝑇. This computation was 
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based on the detailed and coarse grids described in Section 4.2, which were used in the inner and 
outer zones respectively (Figure 4.4).  
 
Figure 4.4: Grid scheme for obtaining the terrain corrections 
The integration of 𝐶𝑇 was performed using the rectangular prism’s approach introduced in Section 
3.3.6. Table 4.1 shows the parameters used in the computations. 
Table 4.1 Parameters applied for computing terrain  
corrections values using the TC program 
 
Parameter Value 
Density 2.67 [g cm2] 
Minimum computation distance of inner grid (𝑹𝟏) 20 [km] 
Maximum computation distance of coarse grid (𝑹𝟐) 166.7 [km] 
 
4.3.5. Free-Air Anomaly 
According to Hackney and Featherstone (2003, p. 35), gravity anomalies, introduced in Section 3.1.2, 
represent “the difference between the gravitational accelerations caused by the Earth’s masses and 
that generated by some reference mass distribution”. The free-air gravity anomalies ∆𝑔𝐹𝐴 are used 
as a solution to the GBVP in geoid determination, and result from the difference between the free-
air-reduced gravity and the normal gravity. These anomalies were calculated as follows: 
∆𝑔𝐹𝐴 = 𝑔 − 𝛾 + 𝛿𝑔𝐴 + 𝛿𝑔𝐹𝐴 (4.12) 
where 𝛿𝑔𝐹𝐴 corresponds to the first-order formula of the free-air correction expressed in equation 
(2.49). 
 
𝑅2 
𝑅1 
Inner grid 
Outer grid 
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4.3.6. Refined Bouguer Anomaly 
The Bouguer correction is used to remove the gravitational effect of the topography from the gravity 
anomalies, giving as a result, the Bouguer gravity anomalies. These anomalies are usually used in 
geodesy and geophysics to smooth gravity observations before a gravity anomaly gridding process is 
performed (Hackney & Featherstone 2003). The following Bouguer gravity anomaly equation was 
used in this research: 
∆𝑔𝑅𝐵 = ∆𝑔𝐹𝐴 + 𝛿𝑔𝑅𝐵 (4.13) 
where 𝛿𝑔𝑅𝐵 and ∆𝑔𝐹𝐴 are given by equations (4.11) and (4.12) respectively. 
 
4.4. Marine Gravity Data and Gravity Reductions 
Due to the fact that South America is surrounded by the Atlantic, Pacific and Southern (also known 
as Antarctic) oceans, it is also beneficial to use as much marine gravity data as possible in order to 
obtain a precise geoid model. Sea surface observations from the NGDC (using the Trackline 
Geophysical Data Viewer interactive online map); Japan Agency for Marine-Earth Science and 
Technology; Marine Geoscience Data System; and Rolling Deck to Repository were used in this 
research. These data were collected at marine cruises from 1961 to present day by oceanographic 
institutions, universities and government agencies. The marine gravimeters used included Bell BGM-
3, Bodenseewerk KSS-30, Bodenseewerk KSS-31, Graf-Askania GSS-2, LaCoste & Romberg S series 
and ZLS S-38. The marine gravity observation dataset used in this research is composed of ~516,000 
points (see Figure 4.5) and each record contains eight fields: survey name, latitude, longitude, depth, 
gravity reference system, reference ellipsoid, free-air anomaly and gravity value on the sea surface 
for each point. 
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Figure 4.5: Marine gravity observations (Mercator projection) 
Gravity anomalies were originally referred to two gravity datums (i.e. IGSN71 and Potsdam) and 
based on three reference ellipsoids (i.e. GRS80, GRS67 and International). Therefore, some 
standardization processes and reductions to the gravity observations (similar to those described in 
Section 4.3) were required. The following subsections describe the procedures performed in this 
research to standardize and generate the final marine gravity anomalies used to determine the 
geoid. 
 
4.4.1. Free-Air Anomaly 
In this study, the International Gravity Formula, presented by Cassinis (1930) and adopted during the 
IV IUGG General Assembly held in Stockholm in 1930, was used for normal gravities using the 
parameters of the International Ellipsoid, determined by Hayford (1909) and adopted during the IAG 
Assembly held in Madrid in 1924. According to Heiskanen and Moritz (1967), the parameters of the 
International Ellipsoid are the following: 
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𝑎 =  6,378,188 [m]                                  
𝑓 =  1/297                                                 
 𝛾𝑒 =  978,049 [mgal]                                  
 𝜔 =  7,292,115.1 × 10−11 [rad s−1]     
(4.14) 
and the International Gravity Formula is given by 
 𝛾𝐼𝐴𝐺 1930 = 978049(1 + 0.0052884 sin2𝜑 − 0.0000059 sin2 2𝜑) [mgal] . (4.15) 
In 1967, a new ellipsoid named GRS67 was introduced during the XIV IUGG General Assembly held in 
Lucerne and the values of its parameters are the following (Torge 2001): 
𝑎 =  6,378,160 [m]                                          
𝑓 =  1/298.247 167 427                               
 𝛾𝑒 =  978,031.8 [mgal]                                       
 𝜔 =  7,292,115.146 7 × 10−11 [rad s−1]     
(4.16) 
To convert gravity anomalies calculated using the International Gravity Formula of 1930 – equation 
(4.15) – to the abbreviated series expansion of the Somigliana’s close formula, expressed by 
equation (4.3), using the GRS80’s parameters, the following formulae are used (Moritz 1980b): 
∆𝑔𝐹𝐴
𝐺𝑅𝑆80 = ∆𝑔𝐹𝐴
𝐼𝐴𝐺 1930 − 𝛾𝐺𝑅𝑆80 + 𝛾𝐼𝐴𝐺 1930 + 𝛿𝑔𝐴 
∆𝑔𝐹𝐴
𝐺𝑅𝑆80 = ∆𝑔𝐹𝐴
𝐼𝐴𝐺 1930 − (16.3 + 13.7 sin2𝜑) + 𝛿𝑔𝐴 [mgal] 
(4.17) 
where 𝛿𝑔𝐴 is the atmospheric correction from equation (4.8).  
Similarly, gravity anomalies based on the GRS67 ellipsoid can be transformed to GRS80 using a more 
accurate formula, based in the precise series expansion of Somigliana’s close formula, expressed 
using equation (4.5), and given by 
∆𝑔𝐹𝐴
𝐺𝑅𝑆80 = ∆𝑔𝐹𝐴
𝐺𝑅𝑆67 − 𝛾𝐺𝑅𝑆80 + 𝛾𝐺𝑅𝑆67 + 𝛿𝑔𝐴 
∆𝑔𝐹𝐴
𝐺𝑅𝑆80 = ∆𝑔𝐹𝐴
𝐺𝑅𝑆67 − (0.8316 + 0.0782 sin2𝜑 − 0.0007 sin4𝜑) + 𝛿𝑔𝐴 [mgal] 
(4.18) 
 
4.4.2. Refined Bouguer Anomaly 
Like the land refined Bouguer anomalies, the marine anomalies (∆𝑔𝑅𝐵) were also determined by 
applying the Bouguer and terrain correction (𝐶𝑇) to the free-air anomalies (∆𝑔𝐹𝐴). However, there 
are some differences regarding the density values adopted for the calculations. Assuming that land 
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and salt-water densities are 2.67 g cm-3 and 1.03 g cm-3 respectively, the resultant density deficit 
value required in the Bouguer correction is 1.64 g cm-3 (see Figure 4.6 and Figure 4.7). Applying this 
value in equation (4.10) gives a result: 
𝛿𝑔𝑅𝐵
𝑚𝑎𝑟𝑖𝑛𝑒 = −0.0689𝐻 + 𝐶𝑇 (4.19) 
where 𝐻 is the negative bathymetric value, and 𝐶𝑇 is determined with the TC program by setting the 
density value to 1.03 g cm-3. The final refined marine Bouguer anomalies resulted from the 
substitution of equation (4.19) into (4.13).  
 
Figure 4.6: Computation scheme of gravity anomalies on 
the land surface (National Geospatial-Intelligence Agency 
1999) 
 
Figure 4.7: Computation scheme of gravity anomalies on 
the ocean surface (National Geospatial-Intelligence Agency 
1999) 
 
4.4.3. Eötvös Correction 
In shipborne gravimetric surveys, continuous gravity observations can be collected while a ship 
moves The movement of the ship induces an extra centrifugal acceleration to the measured gravity. 
This acceleration needs to be corrected through the application of the so-called Eötvös correction. 
The correction value can be far larger than many marine gravity anomalies. According to Lowrie 
(2007), when a ship sailing eastward at 10 km per hour at latitude 45˚ the Eötvös correction reaches 
28.6 mgal. In the case that the marine gravimeter is set on a stabilized platform the Eötvös 
correction can be calculated (Torge 2001) 
𝛿𝑔𝐸 = 40𝑣 cos𝜑 sin𝛼 + 0.012𝑣
2 [mgal] (4.20) 
where 𝑣 is the speed of the ship in km per hour, 𝜑 is the latitude and 𝛼 is the geodetic azimuth. The 
correction will be positive when the ship moves to the east, while it will be negative when it moves 
the other way around. Therefore, accurate positioning is essential to compute this correction, not to 
locate where the gravity reading was taken, but to determine a precise speed and direction (heading 
ℎ > 0 
ℎ < 0 
𝜌 = 2.67 
ℎ > 0 
𝜌 = 1.03 
𝜌 = 1.64 
ocean 
bottom 
Land surface 
Ocean surface 
MSL 
MSL 
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or azimuth) at each site where gravity was observed (Dobrin & Savit 1988). All the gravity anomalies 
were originally corrected for the Eötvös effect in this research. 
 
4.5. Validation of Gravity Anomalies 
In order to use a spatially correlated gravity dataset for determining a geoid model, the identification 
and removal (or correction if possible) of gross errors from observations is essential. According to 
Tscherning (1991b), the Earth sciences datasets seemed to contain up to 1% of erroneous data or 
blunders. Therefore, it is necessary that the gravity observations used to determine the geoid model 
are redundant. This allows the application of stochastic and deterministic procedures to analyse the 
spatial correlation of the data for gross error detection.  
Several validation or quality check methods to analyse the accuracy of the gravity dataset have been 
performed in this research. In the following subsections these methods are presented. 
 
4.5.1. GGM Method 
Due to the high resolution of EGM2008 GGM, it was used to validate the gravity observations in the 
database applying the following procedure: 
1. Obtain EGM2008-derived gravity anomalies for each observed gravity site using the GEOCOL 
software from the GRAVSOFT package;  
2. Remove the EGM2008-derived gravity anomalies, together with the terrain effects 
presented in Section 3.3, from the gravity observations; and  
3. Plot the results from Step 2 on a map using level contours. 
The distribution of the new dataset was expected to be normal. Any “deep holes and steep spikes” 
indicate the existence of suspicious observations (Vergos, Tziavos & Andritsanos 2005, p. 156), and 
thus to be removed. 
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4.5.2. Satellite Altimetry Method 
According to Sandwell and Smith (2009), the short wavelengths part (<400 km) of a marine gravity 
field can be determined from satellite altimetry, “where the measured and time-averaged sea-
surface height can be converted to gravity using a variety of inverse methods” (Featherstone 2009, 
p. 196). While the longer wavelength part can be more accurately measured at orbital altitude using 
data from satellite-gravity missions such as CHAMP, GRACE and GOCE. 
Therefore, shipborne gravity observations can be validated by comparing them with oceanic gravity 
grids derived from satellite altimetry, which are independent of the ship-track gravity surveys. 
However, large differences are expected in coastal regions (less than ~50 km from the shore) and 
steep horizontal gravity gradients areas (e.g. seamounts and edges of the continental shelf) 
(Featherstone 2002), where satellite altimetry data is not reliable due to “footprint land 
contaminations (altimeter and radiometer), inaccurate tidal corrections and incorrect removal of 
atmospheric (wind and pressure) effects at the sea surface” (Vignudelli et al. 2005, p. 1). On the 
other hand, on deep-water regions, satellite altimetry-derived anomaly grids are very consistent due 
to the homogeneous altimeter data coverage, the accurate deep-water tide models applied and the 
absence of land areas (with no altimeter data) in the vicinity (Featherstone 2009; Rapp 1998a). 
In this research, the Sandwell et al. (2014) 23.1-version altimeter-derived gravity anomaly grid was 
used to validate the shipborne surveys (Figure 4.8). Data from the CryoSat-2, Jason-1, ERS-1 and -2, 
Envisat and Geosat satellite altimetry missions together with the EGM2008 GGM (used to determine 
the near-shore marine gravity anomalies) were used to develop the oceanic gravity model. The 
procedure for constructing the gravity anomaly grid was the following (Sandwell & Smith 1997): 
1. Difference the sea surface topography profiles (from ascending and descending slopes) for 
removal of the long-wavelength radial orbit error;  
2. Combine the profiles to determine east and north vertical deflections grids; and  
3. Convert the grids to gravity anomalies using a planar FFT algorithm.   
According to Sandwell et al. (2014), the accuracy of the new model was ~2 mgal, and has been 
improved drastically compared to the older versions. This is due to the incorporation of recently 
available data from high track density satellite altimetry missions (i.e. CryoSat-2 and Jason-1) and an 
enhancement on the range-precision radar technology that maps the gravity field (1.25 times better 
then the older Geosat and ERS-1 missions). 
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Figure 4.8: Sandwell et al. (2014) 23.1 version altimeter-derived gravity anomaly grid  
After the shipborne gravity anomalies were compared with the 1-minute resolution Sandwell’s 23.1-
version gravity anomaly grid, ~26,500 blundered observations were identified and removed from 
the dataset. As a result, the remaining 489,653 measurements were kept for the geoid 
determination. The statistics of the differences between the retained observed gravity anomalies 
and the Sandwell’s model are shown in Table 4.2. 
Table 4.2 Statistics of the differences between the shipborne gravity anomalies 
 and Sandwell’s 23.1 version gravity model from 489,653 measurements 
 
Statistics Value 
Maximum 116.1 [mgal] 
Minimum -121.8 [mgal] 
Mean -5.2 [mgal] 
Standard deviation 18.0 [mgal] 
 
The geographic distribution of the differences values is shown in Figure 4.9. As it was expected, the 
differences values are larger in the coastal areas (e.g. South-West fiords area in cyan colour), where 
the satellite altimetry data were not reliable. 
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Figure 4.9: Difference values between the shipborne gravity anomalies and the 
Sandwell et al. (2014) 23.1 version model (Mercator projection) 
 
4.5.3. Least Square Collocation (LSC) Method 
The LSC method, elaborated in Moritz (1980a), can be used for gross-error detecting assuming that 
the gravity anomaly behaves as a intrinsically stationary random process (mean and variance do not 
vary significantly in each lag or spatial interval), which means that they are spatially correlated. 
According to Tscherning (1991a), the gravity anomaly 𝑦 at a point can be estimated from a set of 
neighbouring observed gravity anomaly values 𝑥𝑖 (with 𝑖 = 1,… , 𝑛) using the following linear 
estimation formula 
?̂? =∑𝑎𝑖𝑥𝑖
𝑛
𝑖=1
 (4.21) 
where ?̂? is the estimated gravity, 𝑎𝑖  represent unknown constants or coefficients.  
Observed gravity anomaly minus Sandwell et al. model [mgal] 
-150 -50 0 50               150 
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When determining ?̂? so that the mean square error is as small as possible, then  
?̂? = 𝐶𝑦 𝐶
−1
𝑋 (4.22) 
where 𝐶𝑦 is the covariance function between 𝑦 and 𝑥𝑖 values, and 𝐶 = 𝐶 + 𝐷 is the sum of the 
covariance matrix of 𝑥𝑖 quantities and the variance-covariance matrix of the error associated to 𝑥𝑖. 
Moreover, the error estimation 𝜎2 may be also computed for the difference |𝑦 − ?̂?|, and it is given 
by 
𝜎2(𝑦 − ?̂?) = 𝐶0 − 𝐶𝑦
𝑇 𝐶
−1
𝐶𝑦 (4.23) 
where 𝐶0 is the variance of the gravity anomaly values. Then, a gross error can be detected using the 
following criteria 
|𝑦 − ?̂?| > 𝑘√𝜎2(𝑦 − ?̂?) + 𝜎𝑦
2 (4.24) 
where 𝑘 is a constant generally having a value of 3 to 5, depending on the strictness of the control 
process (Vergos, Tziavos & Andritsanos 2005), and 𝜎𝑦
2 is the error variance of the observed gravity 𝑦, 
which was estimated in 0.5 mgal for land observations and 2 mgal for marine surveys. 
It is common that a covariance function expressing how much two correlated variables change 
together (e.g. the distance between two gravity stations and their gravity anomalies). The variogram 
is such a function that defines the degree of spatial dependence for the stochastic and stationary 
process, and it is given by (Cressie 1993) 
𝛾𝑦 = 𝐶0 − 𝐶𝑦 . (4.25) 
In general, the variogram is a function  increasing with the distance, and therefore, the farther the 
two samples (e.g. gravity anomaly values), the smaller their correlation (Matheron 1963). In this 
research, the variogram (Figure 4.10) determined using the Surfer software (Barnes 2003) was 
adopted.  
Approximately 10,000 observations, which represent ~1.4% of the total gravity in the database, 
were identified and removed from the dataset after applying the LSC method. The remaining 
658,111 land and marine gravity observations were used for gridding the Argentinean gravity field 
(Section 4.8). 
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Figure 4.10: Variogram determined using the Surfer software and the gravity dataset 
 
4.6. GPS-levelling data 
GPS-levelling data were used to evaluate the accuracy of the developed geoid and fitting the geoid 
model to the LVD. Combining both the co-located ellipsoidal (ℎ) and orthometric heights (𝐻) on GPS-
levelling benchmarks geoid undulations (𝑁𝐺𝑃𝑆−𝑙𝑒𝑣𝑒𝑙𝑙𝑖𝑛𝑔) were obtained through equation (1.1). 
Moreover, the geoid undulations (𝑁𝑔𝑒𝑜𝑖𝑑) can be also obtained from the geoid model for the co-
located GPS-levelling benchmarks coordinated. Therefore, the accuracy of the geoid model and the 
trend surface that best fits the vertical datum can be obtained from the differences between 
𝑁𝐺𝑃𝑆−𝑙𝑒𝑣𝑒𝑙𝑙𝑖𝑛𝑔 and 𝑁𝑔𝑒𝑜𝑖𝑑 . 
The Argentinean terrestrial reference frame is called POSGAR 2007 (Cimbaro, Lauría & Piñón 2009) 
and it is based on the ITRF 2005 (Altamimi et al. 2007) at epoch 2006.6. It was determined by linking 
the Argentinean continuously operating reference station’s (CORS) network (Figure 4.11), which is 
called Red Argentina de Monitoreo Satelital Continuo (RAMSAC – Argentinean Continuous Satellite 
Monitoring Network), to the ITRF 2005, using the Antarctic and South American International GNSS 
Service (IGS) CORS (Figure 4.12) as fiducial stations for the GPS data processing. 
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Figure 4.11: RAMSAC CORS network (Instituto Geográfico 
Nacional 2014b) 
 
Figure 4.12: Various IGS CORS network (Instituto Geográfico 
Nacional 2014b) 
The first-order Argentinean geodetic GPS network consists of 178 benchmarks (Figure 4.13), which 
were observed with dual-frequency GPS receivers for 36 hours between 2006 and 2007 and linked to 
the RAMSAC CORS network. GPS data processing was carried out by the IGN using the GAMIT and 
GLOBK softwares, which were developed by the Department of Earth Atmospheric and Planetary 
Sciences of the Massachusetts Institute of Technology (Herring, King & McClusky 2010). The 
horizontal and vertical accuracy of the benchmarks’ coordinates were 0.5 cm and 1 cm respectively. 
The second-order Argentinean geodetic GPS network is composed of 5,695 benchmarks that were 
measured with dual-frequency GPS receivers since 1993 by various organisations (e.g. IGN, cadastral 
and geological agencies, and a few universities). Its baselines were observed from 1 to 6 hours, 
depending on their lengths. The GPS/GNSS data were processed using commercial software (e.g. 
Ashtech GPS Post-Processing System, Trimble Geomatics Office and Trimble Business Center). The 
benchmarks that were measured before the realization of POSGAR 2007 were adjusted to an older 
version of the Argentinean terrestrial reference frame, called POSGAR 94 (Moirano et al. 1998). In 
2009, the IGN transformed all of the second-order geodetic benchmarks’ coordinates to POSGAR 
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2007 by determining and applying ~40 sets of regional 3D similarity transformation parameters also 
known as Helmert’s transformation parameters (one set of parameters per network). Due to the fact 
that the GPS data was collected by many agencies over more than 20 years using different 
techniques for surveying and processing, accuracies of the transformed benchmarks’ coordinates 
were not consistent, and therefore, it could vary from 1 cm to 3 cm in the horizontal component and 
from 2 cm to 15 cm in the vertical component.  
However, ~75% of the 1,904 co-located GPS-levelling benchmarks were rigorously measured and 
post processed by the IGN applying a combined method, in which fiducial points’ coordinates (one 
every ~50 km) were determined using GAMIT and GLOBK softwares (for 48 hours observations) 
while the GPS-levelling benchmarks were post processed and constrained to these points using 
commercial software (2 to 4 hours observations, depending on the baseline’s length). Nevertheless, 
the spatial distribution of the GPS-levelling points was not homogenous, and large gaps were found, 
particularly in the southern provinces (Figure 4.14). 
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Figure 4.13: First-order Argentinean geodetic network 
(Instituto Geográfico Nacional 2013)  
 
Figure 4.14: Argentinean co-located GPS-levelling 
benchmarks (Piñón et al. 2014) 
 
4.7. Selection of an Optimal GGM 
A GGM (introduced in Section 3.2) is a representation of the external gravity field of the Earth in 
terms of spherical harmonic functions. In the RCR approach the short- and medium-wavelength 
signals of the gravity field are highly correlated with the terrain topography (described by the DTM) 
and local gravity surveys, while the long-wavelength signal is given by the GGM. Therefore, 
according to Amos and Featherstone (2003, p. 68), “it is usually beneficial to select a GGM that is a 
best fit to the local gravity field as the basis for the computation of a regional geoid model”, since “it 
will reduce the amount of geoid contribution that must be made by a regional integration of Stokes’ 
formula”. Gravity anomalies and geoid undulations extracted from each of the GGMs listed in Table 
4.3 were compared with the observed gravity anomalies and geoid undulations derived from co-
located GPS-levelling benchmarks. 
 
Data Preparation and Pre-processing Page 100 
 
 
Table 4.3: GGMs tested over Argentina 
 
GGM Year Max degree Class Reference 
EGM2008 2008 2190 Combined (Pavlis et al. 2012) 
EIGEN-6C4 2014 2190 Combined (Förste et al. 2014) 
GO_CONS_GCF_2_DIR_R5 2014 300 Satellite-only (Bruinsma et al. 2013) 
GOCO05S 2015 280 Satellite-only (Mayer-Gürr et al. 2015) 
 
The GGMs were obtained from the International Centre for Global Earth Models (ICGEM) Web page 
(http://icgem.gfz-potsdam.de/ICGEM/), which is one of the six centres of the International Gravity 
Field Service (IGFS) of the IAG. The GEOCOL software (Tscherning 1985) was used to evaluate the 
GGMs’ contribution to the gravity field of the Earth at different degrees and orders. An example of a 
GGM standard file is shown in Table 4.4. 
Table 4.4: Fragment of the EGM2008 spherical harmonic coefficients file required by the GEOCOL program; where L, M, C 
and S are the degree, order and fully normalised spherical harmonic coefficients respectively. 
 
key     L    M             C                       S                    sigma C             sigma S 
end_of_head ============================================================================================ 
gfc     0    0    1.0d0                    0.0d0                    0.0d0               0.0d0 
gfc     2    0   -0.484165143790815e-03    0.000000000000000e+00    0.7481239490e-11    0.0000000000e+00 
gfc     2    1   -0.206615509074176e-09    0.138441389137979e-08    0.7063781502e-11    0.7348347201e-11 
gfc     2    2    0.243938357328313e-05   -0.140027370385934e-05    0.7230231722e-11    0.7425816951e-11 
gfc     3    0    0.957161207093473e-06    0.000000000000000e+00    0.5731430751e-11    0.0000000000e+00 
gfc     3    1    0.203046201047864e-05    0.248200415856872e-06    0.5726633183e-11    0.5976692146e-11 
gfc     3    2    0.904787894809528e-06   -0.619005475177618e-06    0.6374776928e-11    0.6401837794e-11 
gfc     3    3    0.721321757121568e-06    0.141434926192941e-05    0.6029131793e-11    0.6028311182e-11 
gfc     4    0    0.539965866638991e-06    0.000000000000000e+00    0.4431111968e-11    0.0000000000e+00 
gfc     4    1   -0.536157389388867e-06   -0.473567346518086e-06    0.4568074333e-11    0.4684043490e-11 
gfc     4    2    0.350501623962649e-06    0.662480026275829e-06    0.5307840320e-11    0.5186098530e-11 
gfc     4    3    0.990856766672321e-06   -0.200956723567452e-06    0.5631952953e-11    0.5620296098e-11 
gfc     4    4   -0.188519633023033e-06    0.308803882149194e-06    0.5372877167e-11    0.5383247677e-11 
 
The first-degree terms of the GGMs’ spherical harmonic coefficients were not used since the origin 
of the coordinate system is considered to be coincident with the geocentre of the reference ellipsoid 
GRS80 used for the computation (Kirby & Featherstone 1997). The zero-degree term of the GGMs’ 
spherical harmonic expansion is given by 
𝐶0,0 =
𝐺𝑀𝐺𝑅𝑆80
𝐺𝑀𝐺𝐺𝑀
 (4.26) 
where 𝐺 is the Newtonian gravitational constant, and 𝑀𝐺𝐺𝑀 and 𝑀𝐺𝑅𝑆80 are the Earth’s masses 
referenced to the GGM and the GRS80 respectively. Due to the difference between the numerical 
value 𝑀 derived from the GGM and reference ellipsoid, there will be a bias between the positions of 
the GGM with respect of the Earth’s geocentre. According to Kirby and Featherstone (1997), the 
impact of the zero-degree term on the computed GGM’s geoid undulation is given by 
𝑁0 =
𝐺𝑀𝐺𝐺𝑀 − 𝐺𝑀𝐺𝑅𝑆80
𝛾 𝑟
−
𝑊0 − 𝑈𝐺𝑅𝑆80
𝛾
 (4.27) 
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where 𝑟 and 𝛾 are the mean radius and normal gravity values over the GRS80 ellipsoid, 𝑊0 is 
62636856.00 m2s-2 (McCarthy & Petit 2004) and 𝑈𝐺𝑅𝑆80 is 62636860.85 m
2s-2 (Moritz 1980b).  
In this research, the zero-degree term was set to zero for the analysis and evaluations of the GGMs, 
which implies that 𝐺𝑀𝐺𝐺𝑀 = 𝐺𝑀𝐺𝑅𝑆80 and 𝑊0 = 𝑈𝐺𝑅𝑆80 (Lemoine et al. 1998). Therefore, a bias of 
~41 cm (Pavlis et al. 2012) was introduced when subtracting the GGMs’ geoid undulations from 
those derived from the co-located GPS-levelling benchmarks. 
In this thesis, the GGMs’ geoid heights and free-air gravity anomalies were compared with the geoid 
undulations derived from co-located GPS-levelling benchmarks and the gravity anomalies derived 
from land and marine gravity observations respectively. The GGM that results in the best statistical 
fit to the GPS-levelling benchmarks and gravity observations is considered more suitable for the 
modelling of the long-wavelength signal of the gravity field (Zhang 1997).  
The statistical quantities used to compare the differences between the GGMs and the observations 
are the maximum (Max), minimum (Min), mean and standard deviation (STD). The root mean square 
(RMS) was not used since a bias was introduced as a result of omitting the zero-degree term, and 
therefore, the RMS would not indicate the real accuracy of the tested GGMs. Consequently, the 
GGM that had the lowest STD was to be adopted the optimal GGM and would be used in the 
Argentinean geoid determination.  
The GEOCOL software was used to obtain the geoid undulations and gravity anomalies from the 
selected optimal GGMs using equations (3.8) and (3.9) respectively. Table 4.5 and Table 4.6 show the 
statistics of the differences between the geoid heights derived from GGMs and those determined 
using 1,904 co-located GPS-levelling benchmarks. 
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Table 4.5: Statistics of the differences between geoid heights derived from GGMs  
and those determined from 1,904 co-located GPS-levelling benchmarks 
 
Model Degree 
Max 
[m] 
Min 
[m] 
Mean 
[m] 
STD 
[m] 
EGM2008 
2159 1.67 -0.98 0.61 0.31 
300 1.91 -1.88 0.55 0.48 
280 2.15 -1.90 0.54 0.50 
250 2.16 -1.76 0.53 0.53 
180 2.49 -2.60 0.52 0.63 
EIGEN-6C4 
2159 2.49 -0.88 0.62 0.29 
300 2.09 -1.80 0.56 0.47 
280 2.38 -1.67 0.56 0.49 
250 2.35 -1.70 0.54 0.53 
180 2.70 -2.97 0.54 0.64 
GO_CONS_GCF_2_DIR_R5 
300 2.61 -1.90 0.55 0.52 
280 2.64 -1.95 0.55 0.52 
250 2.66 -2.01 0.55 0.54 
180 2.77 -3.00 0.54 0.64 
GOCO05S 
280 2.60 -1.98 0.55 0.52 
250 2.67 -2.01 0.54 0.53 
180 2.75 -2.97 0.54 0.64 
 
Table 4.6: Statistics of the differences between gravity anomalies derived from GGMs and those 
 determined from 13,558 measurements of the first- and second-order gravity networks 
 
Model Degree 
Max 
[mgal] 
Min 
[mgal] 
Mean 
[mgal] 
STD 
[mgal] 
EGM2008 
2159 52.26 -138.72 -2.14 8.72 
300 107.13 -239.73 -7.10 24.46 
280 103.83 -237.24 -7.61 24.67 
250 108.99 -216.86 -7.81 25.18 
180 124.62 -163.42 -8.23 27.09 
EIGEN-6C4 
2159 49.44 -134.32 -2.28 8.80 
300 105.46 -235.95 -7.23 24.60 
280 106.43 -233.69 -7.73 24.82 
250 112.03 -213.17 -7.93 25.31 
180 124.97 -170.78 -8.32 27.22 
GO_CONS_GCF_2_DIR_R5 
300 116.84 -196.23 -7.47 25.57 
280 115.66 -195.54 -7.50 25.49 
250 118.89 -193.87 -7.65 25.69 
180 125.29 -171.61 -8.33 27.27 
GOCO05S 
280 117.02 -195.97 -7.33 25.50 
250 120.27 -195.91 -7.58 25.62 
180 125.04 -170.66 -8.29 27.23 
 
ICGEM also performed an evaluation of all the available GGMs using data provided by a few 
researchers and agencies in countries or continents such as USA, Canada, Europe, Australia, Japan 
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and Brazil. Table 4.7 shows the RMS of the geoidal undulation differences between the tested GGMs 
and co-located GPS-levelling benchmarks from the countries mentioned above. 
Table 4.7: Comparison of quasigeoid heights derived from EGM2008, EIGEN-6C4 and GOCO05S GGMs with GPS-levelling 
derived geoid undulations values from USA, Canada, Europe, Australia, Japan and Brazil (International Centre for Global 
Earth Models 2015) 
 
Model 
USA 
6169 points 
Canada 
2691 points 
Europe 
1235 points 
Australia 
201 points 
Japan 
816 points 
Brazil 
1112 points 
EGM2008 0.248 m 0.128 m 0.208 m 0.217 m 0.083 m 0.460 m 
EIGEN-6C4 0.247 m 0.126 m 0.121 m 0.212 m 0.079 m 0.446 m 
GO_CONS_GCF_2_DIR_R5 0.405 m 0.299 m 0.345 m 0.327 m 0.477 m 0.507 m 
GOCO05S 0.399 m 0.308 m 0.344 m 0.335 m 0.450 m 0.505 m 
 
Since the average accuracy of the ellipsoidal and orthometric heights was estimated at ~10 cm, in 
which the subsidence (sinking) of the surrounding area in where the benchmarks are located was 
also taken into account. The accuracy of the co-located 𝑁𝐺𝑃𝑆−𝑙𝑒𝑣𝑒𝑙𝑙𝑖𝑛𝑔 is given by 
𝜎𝑁 = √(0.1)2 + (0.1)2 ≅ 0.14 [m] . (4.28) 
Therefore, a more than 14 cm of difference were expected. Additionally, due to the fact that 
Argentina’s topography is quite complex and comprises large mountain ranges (e.g. the Andes), the 
GGMs’ spatial resolution was insufficient in describing the high frequency part of the gravity field in 
many areas (e.g. EGM2008’s resolution is ~9 km), hence, large differences in mountainous areas 
were expected. 
Moreover, the combined GGMs that were tested (i.e. EGM2008 and EIGEN-6C4), in which a 
combination of satellite, land and marine gravity observations are used for its determination, better 
fit to the co-located GPS-levelling benchmarks and observed gravity anomalies (as it was expected), 
since the GGMs and geoid models are usually determined using same gravity data.  
Based on the comparisons shown in Tables 4.5 and 4.6, it is shown that EGM2008 and EIGEN-6C4 
complete to degree and order 2159 had the best agreement with the geoid undulations derived 
from co-located GPS-levelling benchmarks and gravity anomalies. However, since more gravity 
measurements, which have not been included in the EGM2008 and EIGEN-6C4 calculations, were 
recently made available in Argentina, it is not recommended to use these models to full degree 
(Forsberg & Jensen 2015). Furthermore, GOCO05S was determined using data from a greater 
amount of satellite missions (and longer time series) than the rest of the tested GGMs, and 
therefore, it can be regarded as more reliable than the others for describing the long-wavelength 
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part of the Earth’s gravity field. Then, GOCO05S complete to degree and order 280 was used in this 
research for reducing the gravity anomalies in the RCR approach. 
 
4.8. Gridding the Argentinean Gravity Field 
4.8.1. Gridding Methods 
In order to solve Stokes’ integral by means of the FFT technique (introduced in Section 3.5.1) gravity 
anomalies need to be expressed in a regular grid. However, gravity measurements are usually not 
homogeneously distributed; instead, they are often performed at sparse locations or along 
prospecting traverse lines. Even worse, in mountainous regions, where the gravity field of the Earth 
significantly fluctuates and therefore requires homogeneous data coverage, a regular distribution of 
gravity observations is often absent due to the complex accessibility. In these cases, gravity 
observations are frequently performed in the valleys or on the top of some hills. These limited 
amount and distribution of gravity sites can grow into a serious problem for generating a precise 
gravity anomaly grid (Janák & Vaníček 2005). 
There are several methods that can be used to estimate values at grid nodes from weighted 
averages of nearby observations or analytical functions (e.g. splines). However, the gridding process 
generally implies that the loss of some information is lost when transforming original discrete 
observations into a grid (Tscherning & Forsberg 1992). According to Smith and Wessel (1990), there 
are three areas of concerns for evaluating a gridding algorithm: 
a. The global properties of the solution. A priori known functional form is usually assumed; 
b. Honouring data constraints, need to be chosen whether the discrete observations fit the 
grid exactly or approximately; and 
c. Selecting an interpolation or extrapolation method in poorly constrained areas.  
The last issue is where gridding algorithms mostly differ and global properties strongly affect the 
solution. In general, all gridding algorithms share the following assumptions (Smith & Wessel 1990): 
a. The function to be gridded is single-valued at any point; 
b. The function is continuous within the region to be gridded; and 
c. The function is positively auto-correlated over some length scale. 
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In the following subsections, various interpolation approaches, which are required to determine the 
gravity anomaly grid for the geoid model determination, are presented. Moreover, in Section 4.8.1.5 
the accuracy of the gridding methods is evaluated for the Argentinean gravity field context. 
 
4.8.1.1. Minimum-Curvature Spline in Tension 
The minimum-curvature spline in tension approach was proposed by Smith and Wessel (1990). It was 
based on a generalization of the minimum-curvature gridding method, which was widely used in the 
Earth sciences. The minimum-curvature surfaces, which are computed by interpolating the data to 
be gridded with a surface that has continuous second derivatives and minimal total squared 
curvature, may present “oscillations and extraneous inflection points which make them unsuitable 
for gridding in many of the applications” (Smith & Wessel 1990, p. 293), such as gravity anomalies. 
These “extraneous inflection points” can be eliminated by adding a tension parameter to the 
algorithm.  
According to Briggs (1974), the total squared curvature of the gravity anomaly function ∆𝑔 = 𝑓(𝑥, 𝑦) 
is given by 
𝐶(∆𝑔) = ∬(
𝜕2∆𝑔
𝜕𝑥2
+
𝜕2∆𝑔
𝜕𝑦2
)
2
𝑑𝑥 𝑑𝑦 . (4.29) 
The minimisation of equation (4.29) leads to the following differential equation: 
∇2(∇2∆𝑔) =∑𝑓𝑖 𝛿(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)
𝑖
 (4.30) 
where (𝑥𝑖, 𝑦𝑖 , ∆𝑔𝑖) are constraining data and 𝑓𝑖 represents the forces acting at (𝑥𝑖, 𝑦𝑖) if ∆𝑔 =
𝑓(𝑥, 𝑦) is the displacement of a thin elastic spline. The boundary conditions along edges are given by 
𝜕2∆𝑔
𝜕𝑛2
= 0 (4.31) 
𝜕
𝜕𝑛
(∇2∆𝑔) = 0 (4.32) 
where 𝜕/𝜕𝑛 is the derivative normal to an edge, and 
𝜕2∆𝑔
𝜕𝑥 𝜕𝑦
= 0 
(4.33) 
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at the corners. Equation (4.30) has a unique solution, called natural bi-cubic spline, when the above 
conditions are met.  
Furthermore, Smith and Wessel (1990) proposed to include a tension parameter 𝑇 in equation (4.30) 
that relaxes the global minimum norm constraint in order to find a solution with more local 
variation, which is suitable for gridding data that vary more rapidly with distance (e.g. gravity 
anomalies). Then, the new solution is given by 
(1 − 𝑇)∇2(∇2∆𝑔) − 𝑇∇2∆𝑔 =∑𝑓𝑖 𝛿(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)
𝑖
 (4.34) 
where 𝑇 varies between 0 and 1. Increasing the tension parameter relaxes the global minimum-
curvature constraint by moving toward a solution with a localized curvature at the control data 
points; while suppressing the maxima and minima between the control points, caused by the 
oscillation of the spline.  
 
4.8.1.2. Weighted Moving Average 
The weighted moving average method, proposed by Shepard (1968), is a weighted average gridding 
approach from irregularly-distributed data. The method can be simply expressed as follows: 
∆𝑔 =∑𝑤𝑖
𝑛
𝑖=1
(𝑥, 𝑦)∆𝑔𝑖 ∑𝑤𝑖
𝑛
𝑖=1
(𝑥, 𝑦)⁄  (4.35) 
where 𝑤𝑖 is a weighting function and ∆𝑔 denotes the estimated gravity anomaly at a specified 
location that results from the weighted sum of 𝑛 adjacent gravity anomaly observations ∆𝑔𝑖. The 
most common weighting functions are: inverse distance (1/𝑟), which was presented by Crain and 
Bhattacharyya (1967), and square of the inverse distance (1/𝑟2), which was proposed by McLain 
(1974).  
 
4.8.1.3. Ordinary Kriging 
Kriging is a geostatistical interpolation method presented by Matheron (1963) that predicts values 
on a grid by computing weighted averages of available data. Although it was originally developed for 
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ore reserve estimation, the method has been extendedly used in many other spatial estimation 
applications, such as modelling geodetic, geophysical and meteorological spatial properties. 
According to Oliver and Webster (1990), the variation of most spatial properties is usually so erratic 
that no simple mathematical expression can model it. However, although most spatial properties 
seem to have a random behaviour rather than a mathematical one, the variation is not completely 
erratic, so it is possible to find a spatial dependence. The Theory of Regionalized Variables, which 
treats spatial properties as continuous spatially-dependent random variables, allows modelling a 
spatial variable by means of a stochastic approach that fits well with reality.  
Topographic structural surfaces and gravity anomalies (∆𝑔) are regionalised variables that can be 
described with the Kriging method. In this way, the spatial variable ∆𝑔 can be obtained by a linear 
combination of its neighbouring gravity anomalies, and it is given by 
∆𝑔 =∑𝑤𝑖  ∆𝑔𝑖
𝑛
𝑖=1
 (4.36) 
with  
∑𝑤𝑖
𝑛
𝑖=1
= 1 (4.37) 
where the weights 𝑤𝑖 is determined in such a way that ∆𝑔 is unbiased and has minimum variance 
estimator (Cressie 1986), i.e. 
𝜎∆𝑔
2 = 𝐸 {(∆?̂? −∑𝑤𝑖∆𝑔𝑖)
2
} = minimum (4.38) 
 
4.8.1.4. Universal Kriging 
Universal Kriging is an interpolation technique that splits a random function into a linear 
combination of deterministic functions (Lichtenstern 2013) and combines a least-square trend 
surface with the optimal moving average solution (Zhang 1997). It is usually used where field’s 
variations comprise both a drift and a random components (Oliver & Webster 1990). 
According to Cressie (1993), the following model assumption is adopted for the universal Kriging: 
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𝐙(𝐬) =∑𝑓𝑖(𝐬)𝛽𝑖
𝑝
𝑖=0
 (4.39) 
where 𝐙(𝐬) is the vector that represents the predicted values of the random process at the spatial 
locations 𝐬 = {𝑠1, … , 𝑠𝑛}, 𝑓𝑖 are deterministic functions of integer powers of 𝐬 that describe the drift, 
𝛽𝑖 are unknown parameters to be estimated from the data and 𝑝 is the number of terms used to 
describe the drift, which is usually represented using a linear or quadratic expression. 
According to Zhang (1997), the least squares solution requires the 𝛽𝑖 parameters to meet the 
following criteria: 
(∆𝐠 − 𝐟?̂?)
𝑇
𝐖−1(∆𝐠 − 𝐟?̂?) = minimum (4.40) 
where 𝐖 is the autocorrelation matrix of the residuals, usually given by a semi-variogram model. 
Finally, the generalized-least-squares estimator is given by (Cressie 1993)  
?̂? = (𝐟𝑇𝐖−1𝐟)−1𝐟𝑇𝐖−1∆𝐠 . (4.41) 
 
4.8.1.5. Analysis and Selection of the Optimal Gridding Method 
According to Eckstein (1989), due to the fact that the effectiveness of a particular interpolation 
method depends on the distribution of the observations and field gradients, no gridding algorithm 
should be considered “perfect”. However, some interpolation approaches are more suitable than 
others for a particular case. Therefore, in order to identify the best interpolation algorithm for 
determining the Argentinean gravity field, two regions for testing the different gridding techniques 
were selected as follows (Figure 4.15 and Figure 4.16):  
 Sector 1 (35˚ S to 38˚ S and 58˚ W to 62˚ W): plain with a gentle slope towards the Atlantic 
Ocean interrupted by two small mountain ranges (i.e. Tandilia and Ventania) of about 500 
and 1,000 m over the MSL; and 
 Sector 2 (22˚ S to 24˚ S and 65˚ W to 67˚ W): very high plateau (~4,500 m over the MSL) 
located in the Central Andes region, where several mountains and active volcanoes can be 
found. 
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Figure 4.15: Map of Argentina, where the two regions 
selected for testing the gridding methods can be seen 
(Mercator projection) 
 
Figure 4.16:  Physical map of Argentina where the two 
regions selected for testing the gridding methods can be 
seen (Mercator projection) 
A group of gravity measurements inside the selected test regions were used to obtain several 
versions of grids applying the aforementioned interpolation methods (i.e. minimum-curvature spline 
in tension, moving weighted average, ordinary Kriging and universal Kriging). A number of gravity 
control points were excluded from the gridding procedure for the evaluation of the accuracy of the 
grids. Due to the fact that these points were selected from the second-order gravity network and 
their heights were originally determined from spirit-levelling and gravimetric measurements 
(orthometric heights), their gravity anomalies were regraded accurate. In this way, the interpolation 
algorithm that best fits these gravity control points would be considered the most suitable for 
determining the gravity anomaly grid. The quantities of the gravity measurements used in the 
interpolation and validation results are shown in Table 4.8. 
Table 4.8: Number of gravity anomalies used for evaluating the  
interpolation algorithms within the two test regions 
 
Test area 
No of points used for  
interpolation 
No of points used for 
validation 
Sector 1 799 975 
Sector 2 782 84 
Sector 2 
Sector 1 
Sector 2 
Sector 1 
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The distribution of the gravity measurements within the two test areas is irregular and scattered 
(Figure 4.17 and Figure 4.18). This is the reason for the difficulty to precisely grid the gravity 
anomalies. 
 
Figure 4.17: Sector 1 map, with the distribution of the 
interpolated points (black) and the validating points (white) 
(Mercator projection) 
 
Figure 4.18:  Sector 2 map, , with the distribution of the 
interpolated points (black) and the validating points (white) 
(Mercator projection) 
The Surfer software was used for determining the grids having into account the following 
considerations:  
 Due to Smith and Wessel (1990) recommendations for using the minimum-curvature spline 
in tension method when gridding gravity anomalies, an internal and boundary tension factor 
𝑇 equal to 0.25 was applied; 
 The weighting function square of the inverse distance (1/𝑟2) was applied in the moving 
weighted average method; 
 The ordinary Kriging method without considering any trend or drift within the data was 
applied; and 
 The variograms shown in Figure 4.19 and Figure 4.20 were applied in the universal Kriging 
method for sectors 1 and 2 respectively. 
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Figure 4.19: Variogram of the gravity anomalies estimated 
from the dataset from Sector 1. 
 
Figure 4.20: Variogram of the gravity anomalies estimated 
from the dataset from Sector 2. 
Tables 4.9 and 4.10 show the statistics of the differences between the gravity control points and 
those derived from the gravity grids obtained for sectors 1 and 2. 
Table 4.9: Statistics of the differences between the gravity anomalies derived from 
control points and gravity anomaly grids in sector 1  
 
Gridding method 
Max 
[mgal] 
Min 
[mgal] 
Mean 
[mgal] 
STD 
[mgal] 
Minimum-Curvature Spline in Tension  17.21 -18.07 0.20 4.68 
Moving Weighted Average 19.80 -19.65 0.48 5.64 
Ordinary Kriging 15.83 -16.90 -0.07 4.50 
Universal Kriging 17.87 -15.19 0.24 4.09 
 
Table 4.10: Statistics of the differences between the gravity anomalies derived from 
control points and gravity anomaly grids in sector 2 
 
Gridding method 
Max 
[mgal] 
Min 
[mgal] 
Mean 
[mgal] 
STD 
[mgal] 
Minimum-Curvature Spline in Tension  53.16 -17.17 4.61 12.82 
Moving Weighted Average 56.50 -12.10 6.07 11.25 
Ordinary Kriging 64.98 -14.03 5.95 12.57 
Universal Kriging 58.66 -13.02 5.97 12.29 
 
 
The results in the above tables show that the four gridding algorithms resulted very similar 
outcomes. The best accuracies achieved were 4.09 mgal (from the universal Kriging) and 11.25 mgal 
(using the weighted moving average method) for sectors 1 and 2 respectively. Regarding the 
computational time required to determine the interpolated grids, the minimum-curvature spline in 
tension method was considerably faster than all the others (e.g. 4 and 50 times faster than the 
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moving weighted average and Kriging methods respectively) (Zhang 1997). This last method was 
applied for determining many geoid models such as U.S. GEOID96 (Smith & Milbert 1999), Australia 
1997 (Zhang 1997) and New Zealand NZGeoid09 (Claessens et al. 2009). However, it did not perform 
as well as the Kriging, probably because of the poorly distributed gravity observations. Therefore, 
the Kriging method was selected for determining the gravity anomaly grid in this research. 
 
4.8.2. World Gravimetric Grids 
Several international agencies develop and distribute grids and models that describe the Earth’s 
gravity field. These models are usually applied in geoid determination for two main purposes: to 
validate observed gravity data and to fill-in observed gravity voids resulting from inhomogeneous 
coverage (generally on the sea). The last released and available models will be compared and 
analysed in the following subsections. 
4.8.2.1. IAG South American Gravity Grid 
The Sub Commission 2.4b of the IAG, which is called Gravity and Geoid in South America, pursues the 
following objectives:  
 to contribute to the establishment of new absolute gravity networks; 
 to encourage public and private agencies to carry out new gravity surveys; 
 to develop new geoid models for the continent; and 
 to support local organisations and researchers in the computation of precise geoid models 
and to collect data required for geoid model determination (i.e. gravity anomaly grids, 
DTMs, GGMs and co-located GPS-levelling benchmarks). 
A 5’x5’ refined Bouguer anomaly grid (Figure 4.22) built up using data from numerous gravity 
measurements distributed around Argentina (Figure 4.21) was provided by the Sub Commission 2.4b 
of the IAG. 
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Figure 4.21: Argentinean gravity stations held by the IAG 
(Mercator projection) 
 
Figure 4.22: 5’x5’ Bouguer anomaly grid provided by the IAG 
(Mercator projection) 
 
4.8.2.2. World Gravimetric Model 2012 (WGM2012) 
WGM2012 is a release of high resolution grids of the Earth's gravity anomalies (e.g. Bouguer, 
isostatic and free-air), computed in spherical geometry by the BGI in collaboration with several 
scientific institutions and international organisations, such as the Commission for the Geological 
Map of the World (CGMW); United Nations Educational, Scientific and Cultural Organisation 
(UNESCO); IAG; IUGG and International Union of Geological Sciences (IUGS).  
According to Balmino et al. (2012) and BGI (2012), WGM2012 gravity anomalies were derived from 
EGM2008 (using maximum degree and order) and DTU10 (Andersen 2010) models. The Somigliana 
closed formula – equation (2.34) – was used to compute the normal gravity values 𝛾 on the 
reference ellipsoid, i.e. GRS80. So that the WGM2012 model agreed with the GRS80’s definition, 
which includes the atmosphere’s mass, the atmospheric correction 𝛿𝑔𝐴 – equation (4.8) – was 
introduced into the gravity anomaly equation. Moreover, the terrain corrections applied into the 
WGM2012 model were computed using the 1’resolution ETOPO1 (Amante & Eakins 2009) DTM and 
considering the contribution of most surface masses (i.e. crust = 2.670 g cm-3, oceans = 1.027 g cm-3, 
inland seas = 1.000 g cm-3, lakes = 1.000 g cm-3, ice caps = 2.670 g cm-3 and ice shelves = 0.917 g cm-
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3). Lakes boundaries were extracted from the International Lake Environment Committee 
Foundation (ILEC) world lake database (http://wldb.ilec.or.jp/) in combination with a polynomial 
interpolation of points from the SRTM DTM. Finally, the complete spherical approximation of 
Bouguer anomaly was computed on a 2’ resolution global grid (Figure 4.23). The WGM2012 model is 
available through the BGI web page at http://bgi.omp.obs-mip.fr/data-products/Grids-and-
models/wgm2012. 
 
Figure 4.23: WGM2012 refined Bouguer anomaly model (Bureau Gravimétrique International 2012) 
 
4.8.2.3. Global Gravity Field Model DTU13 
The DTU13 global gravimetric model was developed by the National Space Institute of the DTU in 
2013 and it was based on data from several satellite missions (i.e. Cryosat-2, Jason-1 GM, Jason-1, 
T/P, T/P interleaved mission, ERS-1 GM, ERS-2 ERM, Geosat GM, Geosat Follow On-ERM, Envisat 
ERM, and ICESat) and gravity data. Many improvements have been achieved in DTU13’s 
determination compared with its predecesors (i.e. DTU10, DNSC08, KMS02), such as combining 
altimetric data from new altimeters, which enhased modelling the deep- and shallow-water gravity 
field, and incorporating Cryosat-2 new and accurate sea surface height (SSH) observations required 
for determining the gravity field over some areas of the Arctic Ocean (where no altimeters have 
been measured before). The DTU13 (Figure 4.24) free-air gravity anomaly model is freely available at 
ftp://ftp.space.dtu.dk/pub/DTU13. 
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Figure 4.24: DTU13 model (Andersen et al. 2013) 
Table 4.11 shows some statistics of the differences between 321,400 shipborne gravity 
meassurements collected over the North-West region of the Atlantic Ocean and four gravity field 
models: DTU13, DTU10, DNSC08 and KMS02. The results clearly show that DTU13 outperforms its 
predecesors. 
Table 4.11: Statistics of the differences between 321,400 gravity observations  
collected over the Atlantic Ocean and a few gravity models (Andersen et al. 2013) 
 
Model 
Max 
[mgal] 
Mean 
[mgal] 
STD 
[mgal] 
KMS02 49.38 0.44 5.15 
DNSC08 36.91 0.39 3.91 
DTU10 36.89 0.39 3.88 
DTU13 36.80 0.40 3.71 
 
DTU15 model was released 15th December 2015 while writing this thesis, and therefore, it was not 
tested or applied in this research. 
 
4.8.2.4. Validation and Results 
The Argentinean second-order gravimetric network (Figure 2.26), which is composed of 13,837 
points distributed along the Country (Figure 2.26), was used to compare the above-presented gravity 
models. Moreover, gravity anomalies derived from the EGM2008 GGM (up to degree and order 
2159) were also determined and compared with those from the second-order network. The statistics 
of the differences are summarised in Table 4.12. 
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Table 4.12: Statistics of the differences between four gravity  
anomaly grids and the second-order gravity network points 
 
Model 
Max 
[mgal] 
Min 
[mgal] 
Mean 
[mgal] 
STD 
[mgal] 
EGM2008 134.01 -209.64 -6.24 27.90 
IAG 134.26 -213.63 -6.45 27.61 
WGM2012 76.56 -138.62 -1.18 9.20 
DTU13 72.96 -124.31 -1.24 9.15 
 
The STDs show that DTU13 outperforms the other models, although its mean value is slightly larger 
than the one from the WGM2012. Furthermore, the maximum and minimum differences between 
DTU13 and the second-order gravity network are the smallest, showing an appropriate fitting with 
respect to the local data. Finally, the DTU13 model resolution (i.e. 1’) is higher than the one from the 
IAG (i.e. 5’) and WGM2012 (i.e. 2’) models. Therefore, DTU13 is considered to be the optimal gravity 
model for the Argentinean territory. 
 
4.8.3. Residual Anomaly Grid 
To determine the geoid model by means of Stokes’ integral in Helmert’s Second Method of 
Condensation, gravity anomalies must be downward continued or reduced to the geoid, as it was 
described in Section 3.3.3. This can be accomplished by substituting the Faye anomalies (∆𝑔𝐹𝐴 + 𝐶𝑇) 
into equation (3.22) (Forsberg 1984; Moritz 1980a). Thus, a Faye anomaly grid covering the whole 
area of interest needs to be constructed to solve Stokes’ integral when the FFT technique is used. In 
addition, when the RCR technique is adopted for geoid modelling, the long-wavelength part of the 
Earth’s gravity field must also be removed from the observed gravity data. This means that Stokes’ 
integral does not operate on the full gravity anomaly, instead, it uses a residual gravity anomaly 
reduced by the GGM and terrain corrections (Sjöberg 2005). 
Due to the fact that the Faye and free-air anomalies are highly correlated with local topographic 
height variation, the roughness of the anomalies is similar to that of the terrain. Therefore, in 
mountainous regions, it is not recommended to use these gravity anomalies as an input for the 
gridding process, instead, the refined Bouguer anomalies, which are much smoother is 
recommended (Janák & Vaníček 2005). After the gridding process is completed, the gravity 
contribution from the topography is restored (i.e. Bouguer plate reduction), so that the Faye gravity 
anomaly grid can be obtained. 
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Figure 4.25 and Figure 4.26 show the free-air and refined Bouguer anomaly grids for part of the 
Central Andes Ranges (among Argentina and Chile) and the Peru-Chile trench. It can be seen that the 
high correlation between the topographic elevations and the free-air anomalies requires the use of 
the refined Bouguer anomalies as a smoother input data within the gridding process.  
 
Figure 4.25: Free-air anomaly grid, in which a sector of the 
Central Andes Ranges and Peru-Chile trench can be seen 
(Mercator projection) 
 
Figure 4.26: Refined Bouguer anomaly grid , in which a 
sector of the Central Andes Ranges and Peru-Chile trench 
can be seen (Mercator projection) 
The final procedure to create the residual anomaly grid applied in this research was described by 
Goos et al. (2003) and includes the following steps: 
1. Computation of the residual refined-Bouguer anomaly (∆𝒈𝑹𝑬𝑺
𝒑𝒐𝒊𝒏𝒕
) for every gravity station: 
∆𝑔𝑅𝐸𝑆
𝑝𝑜𝑖𝑛𝑡 = 𝑔𝑝𝑜𝑖𝑛𝑡 − 𝛾𝑝𝑜𝑖𝑛𝑡 + 𝛿𝑔𝐴
𝑝𝑜𝑖𝑛𝑡 + 𝛿𝑔𝐹𝐴
𝑝𝑜𝑖𝑛𝑡 − 𝛿𝑔𝐵
𝑝𝑜𝑖𝑛𝑡 − 𝐶𝑇
𝑝𝑜𝑖𝑛𝑡 − ∆𝑔𝐺𝐺𝑀
𝑝𝑜𝑖𝑛𝑡
 (4.42) 
where 𝑔𝑝𝑜𝑖𝑛𝑡 is the observed gravity at each site, 𝛾𝑝𝑜𝑖𝑛𝑡 is the normal gravity given by equation 
(2.34), 𝛿𝑔𝐴
𝑝𝑜𝑖𝑛𝑡
 is the atmospheric correction from equation (4.8), 𝛿𝑔𝐹𝐴
𝑝𝑜𝑖𝑛𝑡
 is the free-air 
correction from equation (2.49), 𝛿𝑔𝐵
𝑝𝑜𝑖𝑛𝑡
 is the Bouguer plate correction that corresponds to the 
first term of equation (4.10), 𝐶𝑇
𝑝𝑜𝑖𝑛𝑡
 is the terrain correction given by equation (2.54) and 
Argentina Chile 
Pacific 
Ocean 
Argentina Chile 
Pacific 
Ocean 
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∆𝑔𝐺𝐺𝑀
𝑝𝑜𝑖𝑛𝑡
 is the gravity anomaly derived from the GOCO05S GGM (complete to degree and order 
280) using the GEOCOL software. This procedure was elaborated in sections 4.3 and 4.4. 
2. Homogenisation of the gravity grid coverage: The 1’-resolution DTU13 gravity grid presented in 
Section 4.8.2.3 was used to cover the gravity voids from the study area (i.e. from latitude 20˚ S 
to 57˚ S and from longitude 52˚ W to 76˚ W). The selection of the required DTU13 fill-in gravity 
data was achieved using the ArcMap 10.1 software (ESRI 2012) by determining a mask area from 
20 km-radius circles centred on each land and marine gravity measurement (Figure 4.27). After 
selecting the fill-in gravity data from the DTU13 model (Figure 4.28), the reduced method 
performed in Step 1 was replicated using this data. 
 
Figure 4.27: Land and marine gravity observations (black 
dots), and mask area (grey colour) in Buenos Aires province 
and the Atlantic Ocean (Mercator projection) 
 
Figure 4.28: Land and marine gravity observations (black 
dots), and fill-in gravity data from the DTU13 gravity grid 
(red dots)  (Mercator projection) 
3. Generation of a 1’x1’ residual refined-Bouguer gravity anomaly grid (∆𝒈𝑹𝑬𝑺
𝒈𝒓𝒊𝒅
) through the 
application of a gridding method: 
∆𝑔𝑅𝐸𝑆
𝑝𝑜𝑖𝑛𝑡  
gridding
→       ∆𝑔𝑅𝐸𝑆
𝑔𝑟𝑖𝑑
 (4.43) 
The gridding method adopted in this research is Kriging and it was defined in Section 4.8.1. 
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4. Generation of a planar Bouguer plate correction grid (𝜹𝒈𝑩
𝒈𝒓𝒊𝒅
) based on the DTM presented in 
Section 4.2: 
𝑓(𝜑, 𝜆, 𝐻)𝐷𝑇𝑀  
gridding
→       𝛿𝑔𝐵
𝑔𝑟𝑖𝑑
 (4.44) 
The planar Bouguer plate correction grid was constructed using the Global Mapper v15.2 
software (Blue Marble Geographics 2014) by multiplying 2𝜋𝐺𝜌 (with 𝜌 constant and equal to 
2.67 g cm-3 over the land, and 1.64 g cm-3 on the sea) to each DTM cell (3” resolution) height (𝐻). 
 
Figure 4.29: 1’ resolution residual refined-Bouguer anomaly 
grid (Mercator projection) 
 
Figure 4.30:  3” resolution Bouguer plate reduction grid 
(Mercator projection) 
5. Reconstruction of the residual Faye gravity anomaly grid (∆𝒈𝑭𝑨𝒀𝑬𝑹𝑬𝑺
𝒈𝒓𝒊𝒅
): 
∆𝑔𝐹𝐴𝑌𝐸𝑅𝐸𝑆
𝑔𝑟𝑖𝑑 = ∆𝑔𝑅𝐸𝑆
𝑔𝑟𝑖𝑑 + 𝛿𝑔𝐵
𝑔𝑟𝑖𝑑
 (4.45) 
The reconstruction was achieved by summing the Bouguer plate reduction grid, generated in 
Step 4, from the residual refined-Bouguer anomaly grid (Figure 4.31). This process generates a 
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reconstructed Faye anomaly for each DTM cell within the compartment (Featherstone & Kirby 
2000). 
6. Computation of the mean 1’x1’ residual Faye gravity anomaly grid (∆𝒈𝑭𝑨𝒀𝑬𝑹𝑬𝑺
𝒈𝒓𝒊𝒅
): 
∆𝑔𝐹𝐴𝑌𝐸𝑅𝐸𝑆
𝑔𝑟𝑖𝑑
≅
1
𝑛
∑∆𝑔𝐹𝐴𝑌𝐸𝑅𝐸𝑆𝑖
𝑔𝑟𝑖𝑑
𝑛
𝑖=1
 (4.46) 
where 𝑛 is the number of cells that will be averaged into a coarser grid. This procedure was 
performed using the Global Mapper v15.2 software, and it was done in order to reduce the 
magnitude of any errors introduced by the DTM (Featherstone & Kirby 2000). 
 
Figure 4.31: 1’ resolution residual Faye anomaly grid (Mercator projection) 
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4.8.4. Computation Scheme for Residual Anomaly Grid  
The following flowchart summarises the procedures performed in Section 4.8.3 in order to generate 
the mean residual Faye anomaly grid. 
Removing terrain and GGM contributions
Determinig a residual Faye 
anomaly grid 
1: GOCO05S
2: SRTM v4.1 + SRTM30_Plus v10 v10
3: Free-air anomaly Observations + DTU13 model
GEOCOL program TC program
Compute residual refined Bouguer anomalies 
(ΔgRES
point)
ΔgFA
point
ΔgRES
point = 
ΔgFA
point
 – 
2πρGHpoint+ 
CT
point– ΔgGGM
ρ land = 2.67 gr/cm
3, ρ sea=1.03 gr/cm
3
Surfer™ 
1: Compute Bouguer plate correction grid (2πρGHgrid)
2: Generate residual refined Bouguer anomaly grid 
(ΔgRB
grid)
ΔgRES
grid 1: 3"x3", ρ land = 2.67 gr/cm
3, ρ sea=1.03 gr/cm
3
2: 1'x1'
Global Mapper™
ΔgFAYE
grid = 
ΔgRES
grid + 
2πρGHgrid
3"x3"
DTMGGM
1 2 3
CT
point
Global Mapper™
2πρGHgrid
Excel™
ΔgGGM
point 
Global Mapper™
ΔgFAYE
grid
1: Compute GGM contribution
2: Compute terrain correction (CT)
1: degree and order 280
2: ρ land = 2.67 gr/cm
3, ρ sea = 1.03 gr/cm
3, max distance 
= 166.7 km
21
21
1
Compute residual Faye anomay grid (ΔgFAYE
grid)
1
Compute mean residual Faye anomaly grid (ΔgFAYE
grid)
1'x1'
2
2
 
Figure 4.32: Computation procedure for residual Faye anomaly grid 
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4.9. Summary 
This chapter presented the gravity dataset used to determine the new Argentinean geoid model. The 
procedures required for reducing the gravity observations to the geoid (e.g. the determination of 
normal gravity; atmospheric, free-air and Bouguer corrections) were introduced and performed. 
Three methods for evaluating or validating the quality of the gravity measurements were presented: 
using the differences between the observed gravity anomalies and those anomalies derived from the 
GGMs and satellite altimetry grids, and the LSC approach. These methods allowed the detection for 
removing several thousands of blundered gravity measurements from the original dataset so that 
only clean data would be used to determine the geoid model. 
Furthermore, a few procedures for identifying the optimal GGM that is required for removing the 
long-wavelength contribution to the Earth’s gravity field from gravity observations, were performed. 
The EGM2008, EIGEN-6C4, GO_CONS_GCF_2_DIR_R5 and GOCO05S GGMs were tested over 
Argentina. GOCO05S was identified to be the optimal for the new geoid model, since it is satellite-
only, and therefore, it does not include any biased or blundered Argentinean land and marine gravity 
measurement, and also due to the fact that it was determined using data from a great amount of 
satellite missions (e.g. GOCE, GRACE, CHAMP, LAGEOS 1 and 2, Ajisai, Stella, Starlette, Larets, 
Swarm, TerraSAR-X and Tandem-X). 
Moreover, several interpolating algorithms (i.e. minimum-curvature spline in tension, moving 
weighted average, ordinary Kriging and universal Kriging) required for the gridding of the discrete 
gravity anomalies observations were elaborated and tested over two sectors in Argentina. The 
results showed that all of them performed similarly, although the minimum-curvature spline in 
tension is the most computationally efficient. Lastly, the Kriging methods were regarded to be the 
most convenient for the gridding of the Argentinean gravity field due to the accuracy of the resulting 
grids.  
Finally, the procedure for gridding the residual Faye gravity anomaly was described, where the 
DTU13 gravity model was adopted for filling-in all the gravity voids and the SRTM model was used to 
reconstruct the Faye anomaly grid by restoring the gridded Bouguer plate correction. 
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5. NUMERICAL RESULTS 
 
5.1. Introduction 
In sections 1–3, the theoretical background and procedures for determining a geoid model were 
described. In Section 4, all the data used to determine the new geoid model (including gravity 
observations, co-located GPS-levelling measurements, world gravimetric models, DTMs and GGMs) 
were evaluated, validated and combined, and finally, the Argentinean gravity field was gridded using 
an optimal interpolation algorithm. 
In this chapter, the reduced Faye anomaly grid obtained in the last chapter is applied to determine 
the Argentinean gravimetric geoid model using the Stokes’-Helmert approach and the RCR 
technique. Then, the new geoid is fitted to the Argentinean height system by determining a trend 
surface from the co-located GPS-levelling measurements collected. Finally, the resulting geoid model 
is evaluated over Argentina. 
 
5.2. Geoid Determination 
The RCR technique adopted implies a spectral decomposition of the Earth’s gravity field into three 
parts: the long-wavelength contribution from the GGM, the medium-wavelength signal from 
regional gravity observations and the short-wavelength part of the gravity spectrum from the 
topography. Finally, the geoid is obtained using equation (3.33). In the following subsections, some 
numerical results for determining the three decomposed parts of the gravity field as well as the 
practical implementation procedures are presented. 
 
5.2.1. Stokes’ Integral 
As it was explained in Section 3.1, the computation of Stokes’ integral allows for determining geoid 
undulations from gravity anomalies. In this study, two well-known approaches were used to obtain 
Stokes’ integral expressed in equation (3.22): 
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 the 1-D spherical FFT approximation technique (Haagmans, De Min & Van Gelderen 1993); 
and 
 the multi-band spherical FFT approximation technique (Forsberg & Sideris 1993). 
The 1-D spherical approach was implemented in the SPD1 software from the GRAVSOFT package 
using an integration capsize of 3˚ (Figure 5.1). While, the multi-band spherical FFT approximation 
technique was implemented in the SPFOUR software using the following central-latitude bands for 
the computation: –20.00°, –29.25°, –38.50°, –47.75° and –57.00° (Figure 5.2). 
 
Figure 5.1: Resulting grid after computing Stokes’ integral 
using the 1-D spherical FFT approach (Mercator projection) 
 
Figure 5.2: Resulting grid after computing Stokes’ integral 
using the multi-band spherical FFT approach (Mercator 
projection) 
Moreover, the Wong and Gore (1969) modification to Stokes’ kernel, which removes the low-degree 
Legendre polynomials that distort the long-wavelength signal of the geoid model when integrating 
over a spherical cap (see Section 3.5.2), was adopted in both methods . The coefficient values of 170 
and 180 were applied as the maximum degree of the Legendre polynomial (i.e. truncation degree) 
and linear tapering degree respectively. 
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Table 5.1 shows the statistics of the differences between the grids resulting from the two 
approaches. The differences are significant, and therefore, further testing and analysis is needed to 
identify the optimum method for solving Stokes’ integral. This analysis is shown in Section 5.2.4. 
Table 5.1 Statistics of the differences between the  
1-D and multi-band spherical FFT approaches 
 
Statistics Value 
Maximum 24.69 [cm] 
Minimum 26.59 [cm] 
Mean 0.01 [cm] 
 
5.2.2. Contribution of the GGM 
A 1’x1’ geoid undulations grid derived from a spherical harmonic expansion was obtained from 
equation (3.8). The grid was determined using the GEOCOL software (Tscherning 1985) together 
with GOCO05S GGM (Mayer-Gürr et al. 2015) completed to degree and order 280 (Figure 5.13). 
However, as explained in Section 4.7, the zero-degree term was omitted in the computations, which 
implies that a bias of ~41 cm (i.e. vertical offset) was introduced to the geoid model. Nevertheless, 
the introduction of the vertical offset is not critical for the geoid, since such a trend surface for fitting 
the geoid to the Argentinean vertical system will be determined and applied in Section 5.3.  
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Figure 5.3: Geoid-undulation contribution from GOCO05S GGM complete 
 to degree and order 280 (Mercator projection) 
 
5.2.3. Indirect Topographic Effect 
In this research, Helmert’s Second Condensation Method approach, which was described in Section 
3.3.3, was applied. Then, after the gridded gravity anomalies are applied in Stokes’ integral the 
potential changes due to the shifting of masses, and therefore, the indirect effect of condensing the 
topographical masses to the geoid needs to be computed. Moreover, when the gridded Faye 
anomalies are used for determining Stokes’ integral the so-called co-geoid is primarily computed 
(Sansò & Sideris 2013).  
In this research the indirect effect was computed using the GCOMB program from the GRAVSOFT 
package and the compiled DTM described in Section 4.2. GCOMB uses the rectangular prism 
integration, introduced in Section 3.3.6, to compute the effect on the gravity measurements. Figure 
5.4 shows the computed topographic indirect effect, which increases along the high mountains (i.e. 
The Andes ranges) and the deep oceans (e.g. Peru-Chile trench) and reaches a maximum value of 
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~3.7 m. This was expected since the terrain topography is very steep and varies in these areas. On 
the other hand, the indirect terrain effect is relatively small for most of Argentina due to its smooth 
surfaces (i.e. plateaus and gentle hills). 
 
Figure 5.4: Indirect topographic effect computed using a  
DTM and the GCOMB software (Mercator projection) 
 
5.2.4. Geoid Model Determination 
In this research, the RCR approach was applied to determine the new gravimetric geoid model, and 
therefore, equation (3.33) was computed. Then, the resulting grids obtained in sections 5.2.1, 5.2.2 
and 5.2.3 were added. Moreover, in Section 5.2.1 the 1-D and multi-band spherical FFT approaches 
were used to determine the Stokes’ integral. Thus, in this Section both solutions (i.e. 1-D and multi-
band) were used to determine two geoid models, which were analysed and validated afterwards 
using the co-located GPS-levelling benchmarks. 
Figure 5.5 shows the final Argentinean geoid model determined using the multi-band spherical FFT 
approach. The maximum geoid undulation (~45 m) can be found in the North-western area (i.e. 
Numerical Results Page 128 
 
 
Puna region), while the minimum geoid height (~5 m) is located in the North-eastern area (i.e. 
Misiones province). The geoid model determined using the 1-D spherical FFT approach is not shown 
in this research since it is unlikely to observe any difference with respect to Figure 5.5.  
 
Figure 5.5: Gravimetric geoid model resulting from the  
multi-band spherical FFT approach (Mercator projection) 
Table 5.2 shows the statistics of the differences between the geoid undulations derived from 1,904 
co-located GPS-levelling benchmarks and those derived from the geoid models determined from the 
1-D and the multi-band spherical FFT approaches. Results from both approaches are very similar. 
However, some statistics values (i.e. mean, maximum and minimum) from the multi-band FFT 
approach are slightly better, and therefore, this approach was regarded optimal for the 
determination of the Argentinean geoid model. 
Table 5.2: Statistics of the differences between 1,904 co-located GPS-levelling benchmarks 
 and the geoid models derived from the multi-band and 1-D spherical FFT approaches 
 
Approach 
Max 
[m] 
Min 
[m] 
Mean 
[m] 
STD 
[m] 
Multi-band spherical FFT approach 2.34 -0.71 0.68 0.24 
1-D spherical FFT approach 2.41 -0.75 0.69 0.24 
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Figure 5.6 shows the differences between the geoid height derived from the gravimetric geoid 
model and the geoid undulation derived from the GPS-levelling computed over the 1,904 
benchmarks. It can be seen that some of the geoid undulations derived from the GPS-levelling 
measurements appear to be biased. This could be caused by GPS observation errors or by the 
subsidence of the benchmarks (many of them have been constructed and spirit levelled more than 
60 years ago). Finally, 13 GPS-levelling measurements that have largest difference values were 
excluded from the computation. 
 
 
Figure 5.6: Values of the difference between the geoid undulations derived from  
the 1,904 co-located GPS-levelling benchmarks and those derived from  
the gravimetric geoid model developed (Mercator projection) 
 
5.3. Geoid Fitting 
Commonly, gravimetric geoid models determined by applying the procedures described in the above 
sections do not fit exactly local vertical datums (i.e. co-located GPS-levelling benchmarks), due to the 
GPS-levelling derived geoid undulation minus geoid model [m] 
-0.70 0.00           0.50          1.00           2.40 
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fact that benchmarks’ orthometric heights are usually referred to a local MSL and errors in the long-
wavelengths of the gravity field are present in GGMs (Forsberg & Tscherning 2008).  
Moreover, the procedures required to compute the gravimetric geoid model “refer to some ‘best’ 
geocentric system” (Forsberg 1993, p. 407). Then, the geoid model can present an “offset by up to 1-
2 m from the apparent geoid heights determined from GPS and levelling” (Forsberg & Tscherning 
2008, p. 21). Therefore, some kind of transformation or parameterised corrective surface is generally 
required to fit the computed geoid model to the local vertical datum.  
Determining and applying the corrective trend surface to the gravimetric geoid model allows using 
equation (1.1) for converting ellipsoidal heights from GPS into orthometric heights referred to a local 
vertical datum. According to Kotsakis and Sideris (1999), this surface is usually originated by several 
factors, including: 
 Random noise in ℎ, 𝐻 and 𝑁; 
 Datum inconsistencies in the three height data sets (i.e. ℎ, 𝐻 and 𝑁); 
 Various geodynamic effects (e.g. post-glacial rebound, land subsidence, plate deformation 
near subduction zones, MSL rise and monument instabilities); and  
 Assumptions and theoretical approximations in the computation of 𝐻 and 𝑁 (e.g. improper 
terrain density, incorrect orthometric height corrections and negligence of the SST at the 
tide gauges). 
These discrepancies can be described and corrected as follows (Fotopoulos, Featherstone & Sideris 
2002) 
ℎ𝑖 −𝐻𝑖 −𝑁𝑖 − 𝐚𝑖
𝑇𝐱 − 𝑣𝑖 = 0 (5.1) 
where 𝑖 is the subscript describing the GPS-levelling benchmarks, 𝐚 is the matrix of the known 
coefficients, 𝐱 is the vector of the unknown parameters and 𝑣𝑖 is the residual random noise term. 
According to Fotopoulos, Featherstone and Sideris (2002), there are several models that can be used 
to determine the trend surface such as: 
 4-parameter model; 
 5-parameter model; 
 multiple regression equation (MRE); 
 10-parameter MRE of 4th order; 
 16-parameter MRE of 6th order; and 
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 20-parameter MRE of 6th order. 
Nevertheless, trend models with the lowest RMS for the adjusted residuals are not necessarily the 
most accurate or numerically stable (Fotopoulos, Featherstone & Sideris 2002). The most popular 
and usually best fitting model is considered to be the classic 4-parameter model, which was used for 
determining gravimetric geoid models in several countries such as: Argentina (Tocho, Font & Sideris 
2007), Australia (Fotopoulos, Featherstone & Sideris 2002), Canada (Sideris & She 1995), Great 
Britain (Iliffe et al. 2003) and Sweden (Ågren, Sjöberg & Kiamehr 2009; Nahavandchi & Sjöberg 
2001). 
The 4-parameter model is given by   
𝐚𝑖
𝑇𝐱 = 𝑥0 + 𝑥1 cos𝜑𝑖 cos 𝜆𝑖 + 𝑥2 cos𝜑𝑖 sin 𝜆𝑖 + 𝑥3 sin𝜑𝑖 . (5.2) 
Equation (5.2) corresponds to the 7-parameter affine datum transformation model for the geoid 
undulation, which is given by the following regression formula (Heiskanen & Moritz 1967) 
∆𝑁𝑖 = ∆𝑎 + ∆𝑋0 cos𝜑𝑖 cos 𝜆𝑖 + ∆𝑌0 cos𝜑𝑖 sin 𝜆𝑖 + ∆𝑍𝑜 sin𝜑𝑖 + 𝑎∆𝑓 sin
2𝜑𝑖  (5.3) 
where ∆𝑋0, ∆𝑌0 and  ∆𝑍𝑜 are the shift parameters between the two datums; and ∆𝑎 and ∆𝑓 are the 
differences between the flattening and the semi-major axis of the ellipsoids respectively. Then, 
equation (5.3) can be used for transforming a gravimetric geoid model to a local vertical datum 
defined with a set of co-located GPS-levelling benchmarks. However, this equation is not sufficient 
for “absorbing the long-wavelength errors for geoid solutions over extended regions” (Forsberg 
1993, p. 408). Therefore, an additional interpolation procedure (e.g. LSC) must be applied for 
determining the residual random noise 𝑣𝑖. Nevertheless, applying this procedure for fitting the 
gravimetric geoid model to the local vertical datum could result in “contaminating” the final geoid 
model by introducing blunders and biases present in the co-located GPS-levelling data. 
In this research, three methods were used to determine the corrective surface: 
 In the first method, the 4-parameter model was applied for determining the trend surface 
(Figure 5.7 and Figure 5.8); 
 In the second method, the 4-parameter was also applied for determining the trend surface 
while the weighted means interpolation approach was used to obtain the residual values 𝑣𝑖 
(Figure 5.9 and Figure 5.10); and 
 In the third method, the 4-parameter was also applied for determining the trend surface 
while the LSC approach was used to determine 𝑣𝑖 (Figure 5.11 and Figure 5.12). 
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The GEOGRID software from the GRAVSOFT package was used for computing the trend surface and 
the residuals.  
 
Figure 5.7: Trend surface determined using the 4-
parameter model (Mercator projection) 
 
Figure 5.8: 3-D trend surface determined using the 4-
parameter model 
The weighted-mean interpolation method and the 4-parameter model were applied to determine 
the surface, using a quadrant-based nearest neighbour search technique, in which at every 
interpolation point (i.e. grid node) the 100 nearest GPS-levelling points in each of the four quadrants 
around the interpolation point were used. Equation (4.35) was used together with the square of the 
inverse distance (1/𝑟2) weighting function to compute the height value at every grid node. 
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Figure 5.9: Trend surface determined using the 4-
parameter model and the weighted-mean approach  
(Mercator projection) 
 
Figure 5.10: 3-D trend surface determined using the 4-
parameter model and the weighted mean approach 
The covariance function 𝐶 required by the LSC method for predicting the residuals values 𝑣𝑖 was 
determined using the second-order Gauss-Markov model, which is given by (Moritz 1980a) 
𝐶 = 𝐶0 (1 +
𝑟
𝛼
) 𝑒−𝑟 𝛼⁄  (5.4) 
where 𝑟 is the two-dimensional distance between the interpolation and computation points, 𝛼 is the 
correlation length and 𝐶0 is the signal variance. In this research, the 𝛼 value was set to 50 km and 𝐶0 
was assigned automatically by the GEOGRID program based on the variance of the input data. 
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Figure 5.11: Trend surface determined using the 4-
parameter model and the LSC approach  
(Mercator projection) 
 
Figure 5.12: 3-D trend surface determined using the 4-
parameter model and the LSC approach 
Table 5.3 shows the statistics of the differences between the geoid undulations derived from 1,891 
co-located GPS-levelling benchmarks and those derived from the fitted geoid model. Results show 
that the best fitting method is the one that uses the weighted-mean method to compute the 
residuals. However, as it is shown in Figure 5.11, the corrective surface computed using the LSC 
method for modelling the residuals is smoother than the one obtained using the weighted mean 
method. Therefore, in this research, the LSC method was selected for determining the residuals from 
equation (5.1).  
Table 5.3: Statistics of the differences between the geoid undulations derived from the 1,891  
co-located GPS-levelling benchmarks and those derived from the fitted geoid models 
 
Method 
Max 
[m] 
Min 
[m] 
Mean 
[m] 
STD 
[m] 
4-parameter 1.42 -1.26 0.00 0.21 
4-parameter + weighted mean 0.28 -0.25 0.00 0.02 
4-parameter + LSC 0.32 -0.36 0.00 0.05 
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5.4. Modelling Procedure Scheme 
The following flowchart summarise the procedures performed in Section 5.2 for the generation of 
the gravimetric geoid model. 
Determinig the geoid model
N2
grid
GEOCOL program
1: GGM geoidal undulation grid
2: Stokes’ integral resulting grid
Add grids
Gravimetric geoid model
Fit geoid using GPS-levelling benchmarks
N1
grid
 + N2
grid
N1
grid
 + N2
grid
 
+ N3
grid
GCOMB program
GEOGRID program
Final 
Geoid
SPFOUR & SP1D 
programs
N1
grid
Global Mapper™
GGM
1: GOCO05S
2: 1'x1' Mean residual Faye anomaly grid
1: Compute geoid undulations from GGM contribution
2: Compute Stokes’ integral using the spherical FFT 
approach
1 2
Local geoid model
Compute indirect terrain effect
Co-geoid model
ΔgRES
grid
1 2
1 2
 
Figure 5.13: Procedure of the geoid modelling 
 
5.5. Validation of the New Geoid Model 
In order to evaluate the quality of the relative precision of the new fitted geoid model, the 1,891 co-
located GPS-levelling points were used. Relative differences between the geoid undulations derived 
from the new fitted geoid model and those derived from the GPS-levelling benchmarks were 
obtained using all possible combinations of 𝑚 = 1,981 points from a set of 𝑛 = 2 points, i.e. 
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𝐶𝑚=1891
𝑛=2 =
1891!
2! (1891 − 2)!
= 1,786,995 possible combinations. (5.5) 
Figure 5.14 shows the relative differences for those baselines within 500 km (i.e. 351,582 baselines), 
which indicates that the differences are not correlated with the baseline length, and therefore, the 
relative precision of the new fitted geoid model can be considered homogenous. 
 
Figure 5.14: Relative differences between the new fitted geoid model and the co-located GPS-levelling points 
Figure 5.15 shows the histogram of the relative differences. 91% of the differences have values of 
less than ±0.1 m, while 98% of the differences are under ±0.2 m. 
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Figure 5.15: Histogram of the relative differences between the new fitted  
geoid model and the co-located GPS-levelling points 
The precision of the new fitted geoid model can be estimated by propagating the average accuracy 
of the geoid undulations (𝜎𝑁) derived from the co-located GPS-levelling benchmarks, which were 
used to determine the corrective surface in Section 5.3, and the STD of the non-fitted geoid model 
(𝜎𝑔𝑒𝑜𝑖𝑑) determined using the 1,891 GPS-levelling points. Since 𝜎𝑁, which was determined using 
equation (4.28), is 0.14 m and 𝜎𝑔𝑒𝑜𝑖𝑑 is 0.21 m, the final precision of the fitted geoid is given by 
𝜎𝑓𝑖𝑡𝑡𝑒𝑑 𝑔𝑒𝑜𝑖𝑑 = √(0.21)2 + (0.14)2 = 0.25 [m]. (5.6) 
 
5.6. Improvement Made by the New Geoid Model 
The differences between the new geoid model determined in Section 5.3 and the existing 
Argentinean geoids, i.e. ARG05 and GAR, are shown in Figure 5.16 and Figure 5.17. These differences 
were obtained by averaging the new geoid on a 5’- and 1.5’-spacing grids (as ARG05 and GAR 
respectively), and then subtracting these grids from the existing geoid models (i.e. ARG05 and GAR). 
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Figure 5.16: Differences between new geoid model and 
ARG05 (Mercator projection)  
 
Figure 5.17: Differences between new geoid model and GAR 
(Mercator projection) 
Large differences (> 2.5 m and < –2.5 m) between the new geoid model and ARG05 were found all 
along the western areas in the longitudinal band 70˚ W to 76˚ W, where gravity observations were 
few and sparse due to its complex topography. On the other hand, for determining the new 
Argentinean geoid model, data derived from DTU13 were used in those areas that lacked of gravity 
measurements before gridding the gravity field (Section 4.8). Large differences (> 1 m) between the 
new and GAR geoid models were also found, although, they were more homogeneously distributed 
in this case. This was possibly caused by different methods applied in the data processing (e.g. 
gravity reductions and gridding procedure used for obtaining and interpolating the gravity 
anomalies) since the gravity dataset in both cases were very similar. 
The disagreements between the new and existing geoid models were mainly caused by long-
wavelength differences amongst the selected GGMs (i.e. GOCO05S, EIGEN-GL04C and EGM96), 
updates on the Argentinean vertical datum and terrestrial reference frame (i.e. POSGAR 94 and 
POSGAR 2007), releases of improved DTMs and bathymetric models (e.g. SRTM v4.1 and 
SRTM30_Plus v10), incorporation of new gravity measurements, and elimination of biases and 
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blunders from the datasets. Table 5.4 shows the statistics of the differences between the new and 
the two existing geoid models (i.e. ARG05 and GAR). 
Table 5.4: Statistics of the differences between  
the new and existing geoid models 
 
Model 
Max 
[m] 
Min 
[m] 
Mean 
[m] 
STD 
[m] 
New geoid model vs. ARG05 5.89 -7.08 1.19 1.56 
New geoid model vs. GAR 5.03 -4.51 -0.11 0.63 
 
Table 5.5 shows the statistics of the differences between the geoid undulations derived from 1,891 
co-located GPS-levelling benchmarks, the two existing geoid models (i.e. ARG05, GAR) and new 
geoid model. According to these results, the new Argentinean geoid model is superior to the existing 
models. 
Table 5.5: Statistics of the differences between 1,891 co-located  
GPS-levelling benchmarks and the existing geoid models 
 
Model 
Max 
[m] 
Min 
[m] 
Mean 
[m] 
STD 
[m] 
ARG05 5.32 -0.04 1.92 0.59 
GAR 1.75 -2.13 -0.09 0.29 
New geoid model 0.32 -0.36 0.00 0.05 
 
5.7. Summary 
In this chapter, the numerical results of the newly determined gravimetric geoid model were 
presented. Two approaches, described in Section 3.5, were applied for computing the Stokes’ 
integral, i.e. the 1-D spherical FFT and the multi-band spherical FFT approximation techniques. The 
results showed that the geoid model derived using the multi-band spherical FFT method fits the 
Argentinean vertical datum better than that one from the 1-D spherical FFT approach. 
Furthermore, the topographic indirect effect, required for determining the gravimetric geoid model, 
was obtained using the rectangular prism integration method, which approximates the terrain to a 
regular grid of prisms. The results showed that this effect is significant along high mountains (e.g. 
The Andes ranges) and deep oceans (e.g. Peru-Chile trench), and therefore, it should be always 
considered in the geoid determination procedures. 
Moreover, the gravimetric geoid model was fitted to the Argentinean vertical datum through the 
determination of a corrective trend surface, which was computed using the co-located GPS-levelling 
benchmarks. Three approaches – i.e. 4-parameter model (trend surface), 4-parameter (trend 
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surface) plus the weighted means interpolation approach (residuals) and 4-parameter (trend 
surface) plus the LSC approach (residuals) – were tested for determining the most appropriate 
corrective surface. Results showed that the most precise method was the one using the weighted 
means interpolation approach for obtaining the residuals. However, the smoothest corrective 
surface was obtained when applying the LSC approach, and therefore, it was regarded to be more 
appropriate for fitting the geoid model to the Argentinean vertical datum. 
Finally, the statistics of the differences between the geoid undulations derived from 1,891 co-
located GPS-levelling benchmarks and those from the new gravimetric geoid and the existing geoid 
models (i.e. ARG05 and GAR) showed that the geoid developed in this research is superior to the 
existing ones. 
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6. CONCLUSIONS AND RECOMMENDATIONS 
 
6.1. Summary 
The aim of this research was to develop a new Argentinean gravimetric geoid model by 
incorporating the latest developments and state of the art information in GGMs; DTMs and 
bathymetric models; airborne, land and marine gravity observations; and GPS-levelling 
measurements. The research makes a significant contribution to the development of Argentina by 
providing a new and more accurate gravimetric geoid model fitted to the local vertical datum. This 
model will be officialised by the IGN as the National Geoid Model in 2016 and will be named GEOAR 
– which will become a standard reference for Argentina. The new geoid will be applied in many 
studies related with the Earth sciences and will also have a great impact on Argentina’s 
development, by making relevant economic activities more efficiently (e.g. natural resources 
prospection and civil infrastructure expansion) and improving many social policies (e.g. development 
of urban areas in coastal cities). 
This research has also developed an improved procedure for determining gravimetric geoid models 
in mountainous areas that lack of gravity measurements. This context is common and normal 
amongst many South American countries. The proposed new methodology includes selecting an 
optimal GGM as the reference gravity field, assessing the quality and accuracy of the new gravity 
data, reducing the gravity data through the application of appropriate methods and procedures, 
identifying an optimal DTM and bathymetric model for calculating the terrain corrections, studying 
the finest prediction algorithm for gridding the observed gravity anomalies, investigating the best 
modification of Stokes’ kernel for final determination of the geoid model, and evaluating the relative 
and absolute precisions of the final geoid model. All these are expected to set a good example for 
other South American countries in developing their state of the art geoid models. 
 
6.2. Conclusions and Major Findings 
The major conclusions drawn from the analysis of the theoretical basis and numerical test results are 
given below: 
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1. New geoid model 
A gravimetric geoid model fitted to the Argentinean vertical datum was obtained in this research. 
The estimated precision of the model is 0.25 m, and its relative precision for baseline lengths up to 
500 km is less than 0.10 m (91% of all cases). The STD of the differences between geoid undulations 
derived from 1,891 co-located GPS-levelling benchmarks and those undulations derived from the 
new geoid model is 0.05 m. However, the STD for the two existent Argentinean geoids, i.e. GAR and 
ARG05, reaches 0.29 m and 0.59 m respectively, meaning an improvement of 83% with respect to 
GAR and 92% with respect to ARG05. This indicates that the new geoid model outperforms the 
existing Argentinean models.  
2. Data collection, quality control and database generation 
The gravity data collection and quality control are critical for good geoid modelling results and hence 
one of the top priorities on this research. The data collection (sections 4.3 and 4.4), was time 
consuming since the gravity data was not centralised in Argentina, instead, many private and public 
agencies and universities hold patchy information. Therefore, this project served as a basis for the 
creation of a new centralised national data centre for providing gravimetric information to the 
scientific community. The new data is held at the IGN and can be accessed through 
http://ign.gob.ar/NuestrasActividades/Geodesia/Gravimetria/Introduccion. 
Regarding gravity data quality control (Section 4.5), many tasks were performed. To begin with, due 
to the repetition of identical information amongst the datasets provided by different organisations, 
some manual and automatic filters were used to eliminate all the duplicated (or sometimes 
triplicated) data. Topological tools from the ArcMap 10.1 software were used for undertaking this 
task. Secondly, the EGM2008 was used to validate the gravity observations by calculating the 
differences between the observed gravity anomalies and the anomalies derived from the EGM2008, 
and plotting those differences on maps using contour lines. Then, the distribution of the results was 
expected to be normal. Any deep holes or steep spikes were considered to indicate the existence of 
suspicious observations. Thirdly, the Sandwell et al. (2014) 23.1-version altimeter-derived gravity 
anomaly grid was used to check the shipborne surveys. Once again, the differences between the 
observed gravity anomalies and those derived from the Sandwell’s gravity grid were investigated. 
Deep holes or steep spikes on the contour map indicated the existence of biased or blundered 
measurements. And fourthly, the LSC method proposed by Tscherning (1991b) was used for further 
identifying and correcting gross errors from spatially correlated datasets.  
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Finally, even though the overall accuracy of the dataset’s gravity measurements is uncertain in most 
cases, it was estimated that the accuracies of the land and marine gravity anomalies used for 
determining the geoid model in this research are 1–2 mgal and 2–5 mgal respectively. 
3. Terrain correction  
Due to the complexity of the Argentinean topography, the reduction of gravity observations was a 
delicate task (Sections 4.3 and 4.4). Using a highly-detailed DTM is crucial for determining an 
accurate geoid model since the terrain topography is strongly correlated with the high frequency 
parts of the gravity field. The classical terrain correction was computed for all the gravity 
measurements using the rectangular prism integration together with an Argentinean DTM 
compilation build out of the 3”-resolution SRTM v4.1 and the 30”-resoluction SRTM30_Plus v10.0 
terrain models (sections 3.4 and 4.2). The densities applied for reducing land and marine gravity 
observations were set to 2.67 g cm-3 and 1.03 g cm-3 respectively.  
4. Homogenisation of the gravity coverage and generation of the gravity anomaly grid 
Due to the heterogeneity of the distribution of gravity measurements within the study area, a 
gravity anomaly grid was applied to fill-in all the gravity voids (Section 4.8.2). The IAG South 
American Gravity Grid, WGM2012 and DTU13 grids were tested and compared using several data 
points. The 1’-resolution DTU13 grid was identified optimal for the Argentinean context due to its 
high resolution and accuracy, and therefore, it was used for the homogenizing of the gravity 
coverage. 
Regarding the determination of gravity anomaly grid, four interpolating approaches were studied: 
minimum-curvature spline in tension, weighted moving average, ordinary Kriging and universal 
Kriging (Section 4.8.1). Results showed that all these interpolation methods performed similar. The 
minimum-curvature spline in tension method was regarded the most efficient from the point of view 
of the computation time. However, the ordinary Kriging method provided the most accurate results, 
and therefore, it was used for determining the gravity anomaly grid in this research. 
5. Computation of Stokes’ integral  
Stokes’ integral was calculated using two methods: 1-D spherical FFT and multi-band spherical FFT 
approximation techniques (sections 3.5 and 5.2). The results showed that the geoid model derived 
from the multi-band spherical FFT method fits slightly better to the Argentinean vertical datum. 
Moreover, the Wong and Gore (1969) modification to Stokes’ kernel was adopted in both methods, 
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in order to avoid distorting the long-wavelength signal of the geoid when integrating over a spherical 
cap. The identification of the optimal truncation degree value (i.e. 170) was also critical for obtaining 
a geoid model with an acceptable accuracy for modern geodetic applications. 
 
6.3. Recommendations 
The following recommendations are proposed for future work: 
1. Gravity measurements 
Additional gravity observations are recommended for determining a more accurate geoid model. 
The IGN has agreed on measuring ~6,000 homogenously-distributed (~10 km spacing) gravity points 
in areas that lack of this information using relative transportable gravimeters (e.g. Scintrex CG-5) 
during the next 3 years (2016 – 2018). However, airborne surveys are required to improve the 
gravity coverage over mountainous areas, such as the Andes. 
2. GPS-levelling measurements 
Additional GPS observations on levelling benchmarks are recommended for determining a more 
accurate corrective surface for fitting the geoid model to the Argentinean vertical datum. Moreover, 
these measurements will also contribute to improving the estimation of the accuracy and relative 
precision of the future releases of Argentinean geoid models. Due to this recommendations, the IGN 
has planned measuring ~1200 first-order levelling benchmarks using dual-frequency GPS receivers 
during the next 3 years (2016 – 2018). 
3. Topographic density model  
The use of a topographic density model for determining the terrain corrections and indirect effect of 
condensing the topography masses to the geoid can contribute to generating more accurate geoid 
models (especially in elevated and rough areas). However, the accuracy of the observed gravities 
used in this research (i.e. 1–5 mgal) in many cases is worse than the accuracy that could be obtained 
if using such a model. Therefore, the application of a density model will be beneficial for determining 
the terrain corrections once the accuracy of the measurements is improved. 
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4. Detailed DTM 
A high precision DTM is required for improving terrain gravity reductions to the gravity observations 
and the indirect effect. During the development of this research the U.S. Government announced 
that a higher-resolution (1” or ~30 m sampling) topographic data generated from the SRTM will be 
released globally over the next few years. Moreover, the 15”-resolution bathymetric model 
SRTM15_Plus v1 was also released during the development of this investigation. These new DTMs 
should be analysed for computing the terrain corrections and indirect effects, and for reconstructing 
a more detailed gravity field. 
5. Stokes’ kernels 
A few other well-known modified Stokes’ kernels such as Meissl (1971), Heck and Grüninger (1987), 
Vaníček and Kleusberg (1987), Vaníček and Sjöberg (1991) and Featherstone, Evans and Olliver 
(1998) may be worthy to be tested and analysed over Argentina. 
6. Vertical datum unification 
Argentina has two official vertical datums, which were based on averaging tide gauge readings over 
a period of time. The first one has been established on mainland Argentina (i.e. Mar del Plata tide 
gauge), while the second one has been set up in Tierra del Fuego Island (i.e. Ushuaia tide gauge). 
According to Rapp and Balasubramania (1992), the deviation of the MSL from the geoid is 
approximately ±2 m globally, which implies that two height systems based on sea level observation 
from two tide gauges (e.g. mainland Argentina and Tierra del Fuego Island) may differ by the same 
order (i.e. ±2 m) (Pan & Sjöberg 1998). GPS-derived ellipsoidal heights and a gravimetric geoid model 
can be used to determine a reference surface to which the spirit-levelled heights (referred to 
different LVDs) are compared. The mean differences between the reference surface and the 
observed physical heights can be interpreted as the vertical offset between the vertical datums and 
can be applied to unify the vertical datums (Featherstone 2000).  
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